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Magneto-Optical Tracking of Flexible Laparoscopic
Ultrasound: Model-Based Online Detection and

Correction of Magnetic Tracking Errors
Marco Feuerstein*, Tobias Reichl, Jakob Vogel, Joerg Traub, and Nassir Navab

Abstract—Electromagnetic tracking is currently one of the most
promising means of localizing flexible endoscopic instruments such
as flexible laparoscopic ultrasound transducers. However, electro-
magnetic tracking is also susceptible to interference from ferro-
magnetic material, which distorts the magnetic field and leads to
tracking errors. This paper presents new methods for real-time on-
line detection and reduction of dynamic electromagnetic tracking
errors when localizing a flexible laparoscopic ultrasound trans-
ducer. We use a hybrid tracking setup to combine optical tracking
of the transducer shaft and electromagnetic tracking of the flex-
ible transducer tip. A novel approach of modeling the poses of the
transducer tip in relation to the transducer shaft allows us to re-
liably detect and significantly reduce electromagnetic tracking er-
rors. For detecting errors of more than 5 mm, we achieved a sensi-
tivity and specificity of 91% and 93%, respectively. Initial 3-D rms
error of 6.91 mm were reduced to 3.15 mm.

Index Terms—Electromagnetic tracking, hybrid tracking,
image-guided surgery, laparoscopic surgery, optical tracking.

I. INTRODUCTION

U LTRASONOGRAPHY is an appealing technology to
physicians because of its noninvasiveness, wide avail-

ability, flexible handling, and low cost. Having been used
primarily for diagnosis in the past, intraoperative and laparo-
scopic ultrasonography today play a greater role in abdominal
surgery. The liver, biliary tract, and pancreas are the main
application areas of intraoperative and laparoscopic ultrasound,
for instance to detect liver lesions such as metastases. Unfortu-
nately, the success of laparoscopic ultrasonography is operator
dependent; for novice surgeons in particular it is often difficult
or even impossible to detect target objects such as common
bile duct stones intraoperatively [1]. The major reasons given
for this are the missing tactile feedback, the difficulty of in-
terpreting laparoscopic ultrasound images, a limited degree of
positioning through the trocar access, disorientation caused by
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the constantly changing imaging plane, and a lack of awareness
of the transducer tip location (the tip needs to be constantly
observed in the laparoscopic camera images in order to avoid
inadvertent injury) [1]–[3].

Several groups have tried to address some of these issues by
providing navigated laparoscopic ultrasound: the position and
orientation (“pose”) of the ultrasound transducer is estimated
so that its shape and B-scan images can be visualized in rela-
tion to the patient, other surgical instruments, or preoperative
and intraoperative imaging data. This can provide great support
to surgeons using laparoscopic ultrasound in cancer staging,
radio frequency ablation, and other diagnostic and therapeutic
procedures.

To estimate the pose of a transducer with a rigid tip, a robot or
an optical tracker (OT) may be used [4]. In the latter case, a rigid
optical marker can be attached to the transducer handle to assure
its continuous visibility. Several groups have also tried to lo-
calize rigid laparoscopic instruments in laparoscopic images by
using advanced image processing techniques [5]–[9]. However,
the laparoscopic transducers most commonly used and preferred
by surgeons have a flexible tip that can be steered left, right,
up or down. The tip can also be bent by external pressure from
organ surfaces. Due to the missing line of sight to the flexible
transducer tip, an OT cannot be used exclusively to localize this
tip. A robot could only be used if the flexible ultrasound probe
is fully integrated into the end-effector. To the authors’ knowl-
edge no such system exists. Promising alternatives are the use of
an electromagnetic tracker (EMT) localizing a sensor attached
to the tip [10]–[12] or fully incorporated into the tip [13], or a
magneto-optical tracker, i.e., the combination of an OT and an
EMT [14]–[16].

When using an EMT clinically, a significant problem is the
distortion of the magnetic field, which leads to tracking errors.
This distortion can be caused by metallic or electrically powered
objects inside or close to the working volume, for instance sur-
gical instruments, an operating table, or imaging devices such
as a C-arm or a computed tomography scanner. Depending on
the operating room setup and instrumentation, tracking errors of
several millimeters or even centimeters can occur [17], [18]. To
compensate for erroneous measurements caused by stationary
objects, various calibration techniques have been proposed [19].
They usually require the user to acquire a set of well distributed
(distorted) measurements within the tracking volume and cor-
responding (undistorted) reference measurements to compute a
field distortion function that is based on lookup tables or poly-
nomials. Unfortunately, this function can only compensate for
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stationary distortion field errors, so that the calibration process
has to be repeated for every new operating room setup before
an intervention. In the best case, calibration could be performed
intraoperatively only for the region of interest using a special
distortion measurement apparatus that fits to a trocar, as pro-
posed by the authors of [16] for laparoscopic 3-D ultrasound.

However, dynamic changes of the field distortion, caused for
example by the intraoperative relocation of the magnetic field
generator or movement of instruments, cannot be compensated
for by the previously computed distortion functions. A first step
towards the intraoperative detection of erroneous measurements
caused by metallic objects distorting the field was presented by
[20] and later by [21]. They incorporate two magnetic sensors
into a pointer so that redundant measurements can be obtained.
Measured deviations of the fixed distance between the two sen-
sors are used as a plausibility value.

Our paper introduces two new methods to detect and re-
duce dynamic electromagnetic tracking errors online, i.e.,
intraoperatively without a precomputed distortion function.
This is achieved by a hybrid magneto-optical tracking setup.
The laparoscopic ultrasound transducer is tracked electromag-
netically as well as optically, and the EMT is itself tracked
optically. After magneto-optical coregistration, i.e., alignment
of the EMT and OT coordinate frames, we can get redundant
tracking data, where the OT provides undistorted, more reliable
measurements than the EMT. We employ this redundancy in
our first, tracking redundancy-based approach: comparing
measurements of an optical marker and a magnetic sensor, both
rigidly attached to the transducer shaft, we are able to detect
deviations between the two measurements. These deviations
can be used to predict tracking errors of another magnetic
sensor mounted on the flexible transducer tip. In a second, more
sophisticated model-based approach, we model all possible tip
movements relative to the optically tracked shaft using only two
rotation angles and thus reduce the degrees-of-freedom (DOF)
of any tip movement from six to two. By discarding the four
redundant DOF, each distorted measurement of the magnetic
sensor on the transducer tip can be mapped onto the model for
error correction.

For our two online error detection and correction approaches,
we evaluate not only 3-D errors, but also 2-D overlay errors
during camera superimposition, which is useful e.g., for medical
augmented reality [22], where the in-plane error is most impor-
tant. Therefore, we also incorporate and calibrate a laparoscope
camera that is localized by the OT. For the sake of completeness,
we also briefly describe our ultrasound calibration techniques
to determine the location of the ultrasound plane in OT coordi-
nates, which is important for the final application [23], [24]. We
also compare our results on error detection and correction to the
findings of other groups [20], [21].

II. SYSTEM SETUP

The hardware setup we used for all calibration and evalua-
tion steps consists of the following components (see Fig. 1): a
flexible laparoscopic linear array transducer (LAP8-4, 5 MHz,
10 mm diameter) connected to a SONOLINE Omnia ultra-
sound system from Siemens Medical Solutions (Mountain

Fig. 1. System setup used for calibration and evaluation. Two magnetic sensors
are attached to the laparoscopic ultrasound transducer, one to its flexible tip
(a) and one to the rigid shaft (b); see Fig. 2 for a close-up of (a) and (b). The
magnetic field generator representing our electromagnetic tracker (c) is itself
tracked by an optical tracking system. The optical tracking system also localizes
two optical markers attached to the ultrasound transducer, one (temporarily) to
its flexible tip (d) and another to its rigid shaft (e). In addition, the laparoscope
(f) and its telescope (g) are tracked optically.

View, CA), a laparoscopic camera with a forward-oblique 30
HOPKINS telescope from KARL STORZ GmbH & Co. KG
(Tuttlingen, Germany), a standard workstation PC including
two analog frame grabbers (for capturing the transducer and
camera video in real time), and a hybrid magneto-optical
tracking setup. The OT consists of 4 ARTtrack2 cameras and
a book-size PC running the DTrack tracking software, both
provided by Advanced Realtime Tracking GmbH (Weilheim,
Germany). The EMT in use is a 3-D Guidance unit from
Ascension Technology Corporation (Burlington, VT) equipped
with a midrange transmitter for magnetic field generation and
1.3 mm sensors in vinyl, which have a total diameter of 1.7 mm
including the vinyl tubing. Time synchronization of all input
data streams and visualization is performed by our medical
augmented reality software platform CAMPAR [25].

We denote a rigid arrangement of at least three noncollinear
and nonsymmetric retro-reflective spheres, which are localized
by the OT, as an optical marker. Magnetic sensing coils local-
ized by the EMT are denoted as magnetic sensors. To localize
all instruments, several optical markers and magnetic sensors
are used. In addition to an optical marker, which is attached to
the transducer shaft (below referred to as ), two mag-
netic sensors are attached to the transducer: one to the flex-
ible tip , and the other to the rigid shaft , at
a distance of about seven centimeters (see Fig. 2). Another op-
tical marker is mounted on the EMT . This setup al-
lows us to co-register the EMT and the OT and to obtain re-
dundant tracking information for the rigid transducer shaft (see
Sections III-A3 and III-B). Finally, two optical markers are at-
tached to the laparoscopic camera, one to the head and
another to the telescope shaft , to adjust for telescope
rotations (see Section III-A1).
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Fig. 2. Close-up of the proximal part of the ultrasound transducer with a mag-
netic sensor attached to the transducer tip (a) and one attached to the transducer
shaft (b).

III. METHODS

In the following section, we describe all required system cal-
ibration steps in order to detect and correct magnetic tracking
errors when the flexible tip of the laparoscopic ultrasound trans-
ducer is in the close vicinity of ferromagnetic and/or electrically
conductive material.

A. Offline System Calibration
The main purpose of all system calibration steps is to bring

the local coordinate frame associated with each instrument, op-
tical marker, or magnetic sensor into the same world coordi-
nate system, chosen here to be the OT coordinate frame (see
Fig. 3). Furthermore, all tracking and video data streams need
to be tagged with time stamps and synchronized; see our pre-
vious work incorporating temporal calibration [23], [24] for fur-
ther details. Finally, our new error estimation methods require an
exact modeling of the transducer axis as well as possible trans-
ducer tip movements. This is described in Sections III-A4 and
III-A5.

1) Laparoscope Camera Calibration: During laparoscope
calibration, the camera projection geometry including distortion
coefficients and the transformation from the camera
frame to the coordinate frame of the optical marker on the la-
paroscope (via the coordinate frame of the optical marker on
the telescope) are estimated. This can be done by using stan-
dard camera and hand–eye calibration techniques based on a
planar checkerboard pattern and is described in more detail in
various publications, for instance in our prior work [26]. For
hand–eye calibration, see Section III-A3. It is important to note
that the rotational offset, which is introduced when rotating the
oblique telescope shaft around its longitudinal axis against the
camera head, needs to be corrected for. An elegant solution to
this problem was proposed by [27]. Instead of attaching a ro-
tary encoder to the camera head to determine the current rota-
tion angle of the telescope, we use the OT to estimate the rela-
tive rotation between the optical markers on the telescope and
laparoscope, similar to [28].

2) Laparoscopic Ultrasound Calibration: For the determina-
tion of the pixel scaling of the ultrasound B-scan plane and the
transformation between the plane and the coordinate
frame of the magnetic sensor on the transducer tip, a single-wall
calibration as proposed by the Cambridge group is performed
[29]–[31]. We acquire ultrasound images of a nylon membrane
stretched over a planar frame and immersed in a water bath [32],
so that the nylon membrane is imaged as a fairly straight line that
can be automatically segmented in the B-scan images. Several
poses of the magnetic sensor as well as corresponding B-scan

Fig. 3. All coordinate frames shown need to be brought into a common world
coordinate system during system calibration. The optical tracker defines our
world coordinate frame (OT). During laparoscope camera calibration, we de-
termine the relation between the coordinate frames of the optical marker on the
laparoscope ��� �, the optical marker on the telescope ��� �, and the
camera (C). The origin of C coincides with the camera center of our pinhole
camera model. During ultrasound calibration, we compute the rigid transforma-
tion between the coordinate frame of the ultrasound B-scan plane (US) and the
magnetic sensor on the tip ��� � by means of a temporarily used nylon mem-
brane (N). During magneto-optical coregistration, we estimate the rigid trans-
formations between the coordinate frame of the EMT and the optical marker
attached to it ��� � as well as between the coordinate frames of the mag-
netic sensor ��� � and the optical marker ��� � on the shaft. The
temporary optical marker, which is attached to the transducer tip and used for
evaluation, and its coordinate frame ��� � are not shown here.

images of the membrane inside a water bath are then acquired,
following the calibration protocol of the Cambridge group to
ensure numeric stability for all six DOF of .

3) Magneto-Optical Coregistration: The process of aligning
two tracking coordinate frames is referred to as coregistration
or tracker alignment [33]. Similar to the authors in [34], we use
a hybrid tracking approach by combining magnetic and optical
tracking. The EMT is itself tracked using the OT so that any data
acquired by the EMT can be transformed into the OT coordinate
frame.

During magneto-optical coregistration we determine the
transformation . As
the optical marker attached to EMT is continuously local-
ized by the OT, we obtain in real time and only
need to determine the static transformation
from the coordinates of the EMT to the coordinates of the
optical marker attached to it. Additionally, for the tracking
redundancy-based error detection and correction methods
described in Section III-B, the fixed Euclidean transformation

between the coordinate frames of the magnetic
sensor and the optical marker attached to the shaft needs to be
estimated.

To compute , the transducer is moved to
positions with distinct rotation axes. At each position

, we acquire measurements of the poses of
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Fig. 4. During magneto-optical coregistration, we compute the unknown trans-
formations��� and ��� , visualized here by dashed lines. From at least
three transducer positions with distinct rotation axes (two positions � and � are
shown here), we compute all possible unidirectional motion pairs between these
positions, e.g., between positions � and � the pair ��� representing
the motion of the optical marker and ��� representing the motion
of the magnetic sensor. From these motion pairs, we can generate an overdeter-
mined system of linear equations to solve for both desired transformations.

the optical marker and of the magnetic sensor
(both attached to the transducer shaft) in the optical coordinate
frame and in the electromagnetic coordinate frame, respectively
(see Fig. 4 for two exemplary positions and ).

All possible unidirectional motion pairs be-
tween these positions can now be computed, e.g., between po-
sitions and the pair

representing the motion of the optical marker
and rep-
resenting the motion of the magnetic sensor. For all motion pairs
between positions and , the relation

with holds.
All motions of the optical marker are now stacked to a matrix

and all corresponding motions of the magnetic sensor
are stacked to a matrix , so both and contain
homogeneous transformation matrices. They are related to each
other by the equation system .

This equation system actually originated from robotics,
where the rigid transformation between a camera (“eye”)
and a robot arm (“hand”) holding the camera was estimated
using “hand–eye calibration” [35], [36]. We use a dual quater-
nions approach [37] to solve for .

The same transducer positions are also used to estimate the
rigid transformation be-
tween the coordinate frame of the optical marker attached to the
EMT and the EMT coordinate system, but this time generating
motion pairs with assuming the ultrasound transducer to be sta-
tionary and the EMT and OT coordinate frames to perform the

Fig. 5. Transducer axis calibration. The transducer axis is calibrated both in
relation to the local coordinate system of the magnetic sensor attached to the tip
(a) and, in a second step not shown here, in relation to the coordinate system
of the magnetic sensor on the shaft (b). To do this, a plastic cylinder (d) is put
over the transducer tip with an additionally attached sensor (c) on the left end.
The plastic cylinder is rotated at least 360 , flipped, and rotated another 360
or more.

motions. Further details can be found in our previous work [38],
including a derivation of the exact transformations used.

In a final optimization step, the two coregistration ma-
trices and are optimized for
all recorded positions by the Levenberg–Marquardt algorithm
[39]. The 4 4 matrix resulting from the
transformation chain starting at “magnetic sensor to
optical marker to OT to optical marker
to EMT to magnetic sensor ,” which theoretically is
an identity matrix, represents the accumulated transformation
errors

(1)

For the Levenberg–Marquardt optimizer, we chose a cost func-
tion that weights translation to rotation errors 1:3:

(2)

where the translation error is the norm of and the rota-
tion error is the rotation angle of , decomposed into axis-
angle parameters. This 1:3 ratio reflects the root mean square
(rms) error ratio provided independently by the two tracking
system manufacturers: The rms measurement errors of the OT
are stated as 0.4 mm (position) and 0.12 (orientation), the static
rms errors of the EMT as 1.4 mm and 0.5 . Specifications of the
typical accuracy of both tracking systems are available from AR
Tracking1 and Ascension Technology2, respectively.

4) Transducer Axis Calibration: For modeling the transducer
tip movements (see next Section III-A5), the transducer axis is
first estimated in relation to the magnetic sensors attached to
the shaft and to the tip. This can be done by putting a plastic
cylinder, which contains an additional magnetic sensor on one
end (see Fig. 5), over the transducer shaft. For each of the rigid
part and the flexible part of the transducer shaft, the plastic

1http://www.ar-tracking.de
2http://www.ascension-tech.com
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Fig. 6. Typical bending region usually found in endoscopic instruments. Four
Bowden cables are pairwise and alternately connected to every second link of
the bending region. They are often controlled by steering levers, where each pair
of cables is connected to the same lever.

cylinder is rotated at least 360 , flipped, and rotated another
360 or more. During each rotation, the measurements of the
additional magnetic sensor are transformed into the local coor-
dinate frames of the magnetic sensor on the shaft and tip, respec-
tively. Each acquired point cloud is then fitted
to a cylinder with radius around the transducer axis, which
is defined by the 3-D point on the axis closest to the mag-
netic sensor on the shaft (or on the tip, for the other point cloud)
and a 3-D unit vector pointing along the axis to the tip of the
transducer. The following function is minimized by the Leven-
berg–Marquardt optimizer:

(3)

Finally, two transducer axes are defined, one in coordinates of
the magnetic sensor on the tip by the base point and the
unit directional vector , and the other in coordinates of
the sensor on the shaft by and .

5) Transducer Tip Modeling: Modeling the transducer tip
serves two purposes. First, the model can provide all 3-D infor-
mation necessary to overlay a virtual model of the ultrasound
transducer onto the measured location, which can be useful for
the development of a navigation system. Second, and more im-
portantly, if built relative to the optical marker on the transducer
shaft, it can be used to detect and partially correct tracking in-
accuracies (see Section III-B2).

The ultrasound transducer contains not a single joint, but an
elongated bending region with several links extending over ap-
proximately 3 cm, similar to the one shown in Fig. 6.

Since the horizontal and vertical bending of the tip is con-
trolled by two steering levers and each lever offers seven posi-
tions, 49 tip poses are manually selectable. The tip can also be
bent by external pressure, allowing us to model continuous mo-
tions on a curved surface to approximate all possible tip poses.

The motions of the bending region on this surface can be ap-
proximated using an “extended cardioid of revolution.” A car-
dioid is usually constructed in 2-D by revolving a circle around
another one with the same radius . This corresponds to an iden-
tical angular motion of two links of length and , and the
construction can be extended to a greater number of links (see
Fig. 7 for six links). Spatial motions about two orthogonal rota-
tion axes define a 3-D surface. This surface can be constructed
by rotating the extended cardioid around its central axis, re-
sulting in a surface of revolution. If we look at the position of
the transducer tip rather than the last link, we have to introduce
another outward translation, so the actual geometric shape of the
attainable tip poses is similar to, but not exactly the same as, our
extended cardioid of revolution.

Fig. 7. Cross-section of the extended cardioid of revolution, describing all pos-
sible rotations of the bending region about one axis. The bending links are shown
for several angles (green: 3 , 10 ; red: 25 , 48 , 77 ), not all of which are ac-
tually attainable due to physical constraints (green ones are attainable, red ones
are only theoretically possible).

Fig. 8. Mathematical model of the tip of the flexible ultrasound trans-
ducer—only the rotation � about the � axis is visualized here, the rotation �
about the � axis is zero.

The extended cardioid of revolution only models the bending
region of the transducer. To change from the coordinate frame
of the magnetic sensor on the tip into that of the sensor on the
shaft, a chain of transformations is modeled, as shown in Fig. 8.

Transformation Chain: First, the coordinate frame of the
magnetic sensor on the tip is rotated and translated into the
“link frame” in such a way that the axis points along the
transducer axis. This transformation has six DOF,
i.e., three rotations and one translation along the axis of the
sensor to align the sensor with the transducer axis, followed by
a rotation about and a translation along the transducer axis.

Starting at the link frame, short links follow, which approxi-
mate the possible tip movements. In an alternating manner, each
link rotates the transducer axis by about the axis or by
about the axis, respectively. No rotation about the axis is as-
sumed. Each link introduces a translational offset along the

axis. Including , the number of links, in total has
four DOF

(4)
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where

This behavior of alternating links is inspired by the real nature of
the bending region, where four Bowden cables controlled by the
steering levers are pairwise and alternately connected to every
second link (see Fig. 6).

After the bending region, i.e., at the base frame, a final trans-
lational and rotational offset is applied to align the
final tip coordinate frame with the magnetic sensor on the shaft,
which has five DOF. Actually, and
would both have six DOF. However, one DOF of the rotation
about the transducer axis is not needed for , as
it can be entirely compensated for by just altering the combi-
nation and magnitudes of and . Conversely, one more DOF
is needed for the rotation about the transducer axis included in

to adjust for the fact that the sensors can be mounted
at different angles about the transducer axis, i.e., assuming and

to be 0, the line through the origins of the two sensor coordi-
nate frames will not be parallel to the transducer axis.

The final model transformation, from coordinates of the mag-
netic sensor on the transducer tip, into coordinates of the sensor
on the transducer shaft, can be described by

(5)

For error estimation (see Section III-B2), the model is actually
not built relative to the magnetic sensor on the transducer shaft,
but relative to the optical marker. Therefore, during modeling,
only the additional static transformation needs
to be applied to magnetic sensor coordinates to determine op-
tical marker coordinates.

Parameter Optimization: All parameters except angles and
remain constant for a given configuration and can be com-

puted offline. Given that the transducer axes in relation to the
sensors on the shaft and tip have been calibrated, only five model
parameters have to be estimated offline. These are the transla-
tion along the rigid shaft axis (contained in ), the
length of the bending region , the number of links in the
bending region (which can be initialized or fixed to , be-
cause many surgical instruments have 12 links like the one in
Fig. 6), the angle of rotation about the tip axis, and the length of
translation along the tip axis (both contained in ).

For every selectable position of the two control levers, the
pose of the magnetic sensor on the tip in relation to the one
on the shaft is recorded in a distortion-free environment, i.e.,
without ferromagnetic or electrically powered materials in the
close vicinity. Then the remaining model parameters are opti-
mized numerically using the Levenberg–Marquardt algorithm.
The model has to be computed only once, when the magnetic
sensors are attached to the transducer.

At runtime, i.e., intraoperatively, the remaining two DOF of
the rotations and about the and axis can be numerically
optimized by the Levenberg–Marquardt optimizer. Either the
translation to the magnetic sensor on the tip, rotation difference,
or a combination of both can be minimized. In our experiments
we used a 1:3 weighting of translation in millimeters to rotation
in degrees, as in the magneto-optical coregistration [see (2)].

Applicability of the Model: We constructed the model of the
transducer tip according to our observations and studies of the
behavior of the Bowden cables pulling the bending region. How-
ever, our model is only an approximation inspired by the gen-
eral design of flexible endoscopic instruments. Of course, other
endoscopic instruments can also have different mechanical tip
designs, so it may not be sufficient to apply our model to them
without further testing and/or modification.

As seen in our evaluation of the transducer tip model (see
Section IV-D and Fig. 9), the transducer tip mostly follows
the model, independently of the order of selection of the two
steering levers. The model is less precise when the tip is bent
more than halfway between its neutral position and maximally
bent position (“neutral position” corresponds to and being
approximately zero). We suspect the reasons for this to be the
nonideal elasticity of the bending region and its exposure to
large mechanical forces that are irregularly distributed over the
links. However, our clinical partner reported that intraopera-
tively the transducer tip is seldom bent more than halfway, i.e.,
the transducer tip is rarely bent to the leftmost or rightmost
preset deflection setting, or beyond a single of the preset deflec-
tions up and down. In all, three preset defections are possible
in each of the four directions (up/down/left/right), in addition
to the neutral position.

B. Tracking Error Detection and Correction

We propose approaches for the detection and correction of dy-
namic sources of electromagnetic tracking errors which can be
divided into redundancy-based, model-based, and vision-based
tracking, where the latter is described in more detail in our pre-
vious work [24].

1) Tracking Redundancy-Based Approach: Each approach
to correcting static erroneous measurements that is based on hy-
brid (and thus redundant) tracking of an object (e.g., [40] or [41],
that use magneto-optical tracking), can also be used for error de-
tection. Such an approach is however not intended to detect and
correct dynamic sources of errors, as it is performed only once
to create a static distortion function of the magnetic field. Fur-
thermore, magneto-optical tracking cannot be applied to the tip
of the ultrasound transducer due to its flexibility and the lack of
line of sight to the optical cameras.

Therefore, one idea for an error detection method is to esti-
mate errors at the magnetic sensor on the shaft instead and, for
a simple error correction, transfer them to the magnetic sensor
on the tip.

a) Error Detection: Similar to the authors of [20] and [21],
who connect two magnetic sensors rigidly to each other and
use the deviation of their distance to detect field distortions, our
simple error detection method is based on tracking redundancy.
However, we do not use two magnetic sensors, but one optical
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Fig. 9. Validation of the transducer tip model. In relation to the distance of the tip from its neutral position (in millimeters), we compared 171 tip poses not used
for model generation to their corresponding poses computed via the model, in terms of (a) their translation difference in millimeters and (b) their rotation difference
in degrees. For example, for the tip pose represented by the first data point on the � axis, the transducer tip is bent 3.7 mm away from its neutral position, and we
measured a deviation of 2.7 mm and 1.0 from the modeled pose.

marker and one magnetic sensor each rigidly attached to the
transducer shaft.

Intraoperatively, every measured pose of the magnetic sensor
on the shaft is transformed by applying (1). The error corre-
sponding to the transformation is computed using (2), consid-
ering the translation error or the rotation error only,
or a combination of both . The respective error can be used
as a distrust value, which is compared to a selectable threshold
to reject data of the magnetic sensor on the tip as probably dis-
torted. The surgical staff can be automatically warned of pos-
sible errors.

b) Error Correction: As the magnetic sensor on the shaft
is in close proximity to the one on the tip, both sensor mea-
surements will most likely be affected by any magnetic field
distortions. As long as the main error component measured at
both sensors is the same, it may also be partially corrected like
static field distortions. A simple approach to approximate a cor-
rection of erroneous measurements is to transfer deviations de-
tected at the magnetic sensor on the shaft to the one on the tip:
We can compute the distortion of the measurements on the shaft

and undo this distortion on the tip provided
that the distortion field is fairly constant for the two sensors. As
the sensors can be rotated relative to each other we need to com-
pute this distortion relative to the fixed OT (world) coordinate
frame.

Therefore, the rotational and translational parts of the devi-
ation between the previously calibrated (“calib”) and the cur-
rently measured (“meas”) transformation on the shaft can be
applied to the measured transformation on the tip to obtain cor-
rected (“corr”) transformations

(6)

(7)

2) Model-Based Approach: Dynamic field distortions,
caused by e.g., moving instruments close to the sensors, are
particularly difficult to reproduce, because the variation in
field strength is usually not shift invariant (i.e., disturbances
affect the field strength nonuniformly at different locations) as
already described by [20] and [21]. Hence the magnetic field
at the sensor on the shaft is often distorted in a completely
different direction and magnitude than at the sensor on the tip,
even though the sensors are placed close to each other. This
makes the simple, redundancy-based error estimation approach
unreliable (for experimental results, refer to Sections IV-E and
IV-F).

a) Error Detection: Another, more sophisticated approach
for error estimation requires a previous calibration and modeling
of the possible transducer tip movements (see Section III-A5).
In the absence of distortions, the measurements of the magnetic
sensor on the tip can be assumed to lie on the previously mod-
eled cardioid of revolution-like shape, reducing their DOF from
six to two ( and ). Because the true motion of the tip is con-
strained to those two DOF, we can exploit the redundancy of the
remaining four DOF. If measurements do not lie exactly on the
cardioid of revolution-like surface, we can deduce poses similar
to the measurements but lying on the surface that are likely to
be closer to the true pose of the sensor.

The model is built relative to the optical marker, which
is attached to the transducer shaft, and is not influenced by
magnetic field distortions. Therefore, only the previously
determined static transformation and the tip
model parameters (compare Section III-A5) are needed when
optimizing and by the Levenberg–Marquardt algorithm.

After optimization of the model angles and , we can com-
pute the remaining distance between the modeled and the un-
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