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Transformations in 3D :: Projective Space

a

a general transformation matrix (4x4):

a

A: affine matrix (3x3). includes the rotation matrix R

a

R: the rotation matrix(3x3)

a

t: the translation vector (3x1)

]

V. enables projective transformations (3x1)
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Rotations in 3D

o Euler Angles
o Rotation Matrix (3x3)
o Quaternions

—/
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Rotation in 3D :: Rotation Matrix

o rotation around the X-axis:
o rotation around the Y-axis:
o rotation around the Z-axis:
o Rotation in 3D space: R = CBA
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Rotation in 3D :: Rotation Matrix Example

- -'_'_'_—'_‘_'_ r
X S(0) +V Cos(r) o

o rotation around the z axis

cos(®p) sin(¢p) O T [ cos(@p) - x 4+ sin(e) -y
—sin(9) cos(®) O | |y | =] —sin(®) a+cos(d) -y
0 o 1] =] | 2
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Rotation in 3D :: Quaternions

o quaternions intuitively: 3D vector extended by a real number
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3D vector guaternion

o quaternions rotate vectors by multiplication
o r describes the rotation angle
o a,b,c are the rotation axis
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Transformation in 3D using Quaternions

o (v,q,S): vector, quaternion, scalar

o transformation: p' =s-(qg-p-q¢ 1) +v
o vector: translation

o quaternion: rotation
o scalar: scaling
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Quaternions :: Definitions :: Hypercomplex Number

o quaternion Q: Q=1-g1+i-¢o+j-qg3+k-qq
o j,j,k: symbolic characters with: * = -1, 5o=-1, k" =-1
o axiomatic properties: T — "t JT =TI kr = rk
Collows: 2 T R =R
it follows: k=i, kj= —i
ki =7, ik= —j

defined addition and multiplication
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Properties of Quaternions

o for a quaternion Q) = [qr, qu]

o conjugate: Q = [ar, —qu]
o inverse: Q-1 = &

o unit quaternions: Q=1

s inverse for unit quaternions: Q-1 = Q@
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Quaternions :: Different Notations

+i- g2+
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t - g2
= [q1, [92, 93, q4]]
= [gr, qv]

= [q1, 92, 93, q4]

camp | department of computer science | technische universitat miinchen | 22 April 2005

—

L
i

"q4

CHypE

10



chair for computer aided medical procedures r [o ﬂ
— 85|/ rum

Rotation in 3D :: Quaternions

o for a quaternion Q = [qr, qv]

1
= QVQ~1 is arotation around g by 0, = 008(56’)

o rotation composition
o succesive rotation by Q and then by P: pQvVQ—1p—1
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Projective Space vs. Quaternions

+
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non-uniform scaling, shearing and
projective transformations possible

not intuitive / user-unfriendly

unnecessarily large
(results in numerical problems)

ambigous
rotation interpolation difficult
gimbal lock

projective space qua’[ernions

+ + + + +

intuitive / simple

small size

non-ambigous

easier rotation interpolation
no gimbal lock

only rotation, translation and scaling
possible
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