chair for computer aided medical procedures @ m} O
— )| —

3D Computer Vision
Basic Transformations

Nassir Navab

based on a course given at UNC by Marc Pollefeys & the book “Multiple View Geometry” by Hartley & Zisserman

26 April 2007

chair for computer aided medical procedures

department of computer science | technische universitat minchen




chair for computer aided medical procedures ’ m} O
— LEE™

2D Transformations

—

e —
camp | department of computer science | technis  che universitat minchen | 26 April 2007



chair for computer aided medical procedures

2D Transformations

Scaling
Isotropic Scaling
Non-isotropic Scaling
Rotation
Translation
Euclidean Transformation
Metric Transformation (Similarity)
Affine Transformation
Projective Transformation
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2D Transformations — Scaling (isotropic)
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2D Transformations — Isotropic Scaling

same scaling factor in both dimensions

SX s 0O x

X

sy_Osy
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camp | department of computer science | technis  che universitat minchen | 26 April 2007



chair for computer aided medical procedures ' T .' O :|_|
L i Tﬂ W m

2D Transformations — Non-Isotropic Scaling
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2D Transformations — Non-Isotropic Scaling

different scaling factors in the two dimensions

X
y

sx _§ O
B S

X
sy 0 s,y
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2D Transformations - Rotation
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2D Transformations - Rotation

Rotation around origin by angle {J
COosg - sing
Rotation Matrix R= |
sing cosg
Transformed Point P=Rp

where  X'=X>C0Sg- Yy’SIing

y'=X3sing + y:cosg
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2D Transformations - Rotation

—

X sinf(a) + y cos(o) o

—

x cos(0) - v sin(a)

X'=v*cos@ + b) =v*cos@) * cos(b) - v*sin(@) * sin(b)
X'= X>X0sa - y»*sina

y'=v*sin(@ + b) =v* cos@) * sin(b) +v* sin(@) * cos(®)
y'= X>sing + yxosa

|

LAl
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2D Transformations - Translation
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2D Transformations -Translation
Original point P =
A y
. p X
Transformed point ' = >
P

tX
Translation Transformation p' = p + ;

y
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2D Transformations - Translation

Homogeneous Coordinates:
t
How to put the translation transformation p'= p+ tX Into the

Matrix x Vector form p‘’=Ap ? y

Homogeneous point

®)
I
P < X

1 0t x X+t
Transformation Matrix p=0 1 t, Yy = y+,

0011 1
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Homogeneous coordinates of Points:

X X
real point[x, y] (homogenosirepresentaon)® vy =/ vy
1 1
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2D Transformations — Affine Transformation
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2D Transformations — Affine Transformation

~ax+thy a b
X' = = X = AX
cxX+dy c d

;: ; ] A\ ¢
rotation

deformation
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Affine Transformation: Homogenous coordinate

E1X\

>
1l
P X
1l
S~
)
X
+
Q
<
1l
S~
o 0 o
o Qo
P O O
P < X
1l
>
X
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Homogeneous coordinates of Points:

X
real point[x, y] (homogenosirepresentaon)® y =/
1
X X
pointsatinfinity: vy =/ vy
0 0
X X X=X
example: y, -y, ® y,-y, X
1 1 0
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Affine Transformation: Points at Infinity

E1X\
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General Affine Transformation (6 parameters)

4 R\

ax+by+c

X' a b c x
X'=y =/ dx+tey+f =/ d e f y =Ax
1 1 O 0 11
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2D Transformations — Projective Transformations
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2D Transformations — Projective Transformations

H A

X ax+by+c

a b
X'=y =/ dx+ey+f =/ d e
1 gx+hy+1 g h

R =+ O

P < X
1
1
X
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2D Transformations — Projective Transformations
X' ax+by+c X' = ax+by+c
o — gx+hy+1
X'=y =/ dx+tey+f ® y,_dx+ey+f
1 gx+hy+1 gx+hy+1
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Affine Transformation: Points at Infiniti
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2D Tran$formations — Projective Transformations

L/
2
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3D Transformations
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3D Transformations

Basic Coordinate Transformations

/yi‘
X SRV

translation scaling rotation

v
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3D Transformations - Translation

3D Point P =

Translation p': p+ ’[y
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3D Transformations - Translation

Translation Matrtix

o O O BB
o O +—» O
o +r O O
_

Translation P =
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3D Transformations - Rotation

Rotation Matrix

Rotation p ®
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3D Transformations - Rotation

Euler Angles for Rotation R=R,R R, :

coyy -siny O
rotation by)/ aboutthe zaxiR = siny coy O

0 0

cosg 0 sing
rotation by @ abouttheyaxis:R, = 0 1 0

-sing O cosg

1 O 0
rotation by / about the x axis: R, = 0 cosf - sinf
0 sinf cosf

= |ER|
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3D Transformations - Euclidean Transformation

P N < X
A
_|

P N < X

e —
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3D Transformations - Metric Transformation

o
p)
o
X
3
H
3
N
3
w
_I
R N < X

e —
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3D Transformations - Affine Transformations

X sc 0 0 n; n, n X
y ® O s, 0 Xry Iy fy T
z 0 0 s, 1y Iy [y z
1 0 1 1

Non Isotropic Scaling
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3D Transformations - Affine Transformations

a 0 u
s O 4 v, x [R T]
0 0 1
0

= N < X
= N < X

Usual Camera Model: image center & aspect ratios
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3D Transformations - Affine Transformations

i G Ghs Chs
q21 q22 q23 q24

Os1 U2 Chs Ugg
O O 0 1

®

= N < X

X
y
Z
1

General Affine Transform
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3D Transformations - Affine Transformations

a, a, &
o O 2 a;x[R T]

O 0 ag
0 1

R N < X
P N < X

General Affine Transformation
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3D Projective Transformations

Transformations of P3 are
very similar to the
transformations of P2

e —
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3D Projective Transformations - Projective Transformations
X C)11 C)12 C)13 C)14 X
y ® C)21 C)22 C)23 C)24 y
Z4 B33 P32 Pz Pas 2
1 C)41 C)42 C)43 1 1
General Projective Transformation
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3D Projective Transformations - Projective Transformations

A, A, A

o 0 @ agx|[RT]
O 0 a,;
p41 p42 p43 1

P N < X
R N < X

General Projective Transformation
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2D Projective Space — The Projective Plane

A line in plane can be represented as: ax+by+c=0
We can represent any line | by three parameters a, b, and c

The same line | can be represented by multiples of a, b and ¢
(ka, kb and kc for a scalar k) since: kax+kby+kc=k*0=0=ax+by+c

A line is represented by a set of vectors, which differ only in
scale k (k non zero)

This equivalence set of vectors is known as a Homogeneous
Vector

Any particular vector of the class is a representative of the
equivalence class

The set of all these equivalence classes (i.e. homogeneous
vectors) of vectors in R3 (excluding (0,0,0)) is called the
Projective Space P2
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A Model for the Projective Plane

We’'ll use this intuition throughout the lesson!!!
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A Model for the Projective Plane
AX, exactly one line through two points
exactly one point at intersection of two lines
ideal
point
T
0 X3
Xy
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Homogeneous Coordinates - Points

Y.

p=(xy1)" ~k(xyl

a point is represented in P2 by a simple vector

remember that every vector in P2 is just a representative of an
equivalence class of vectors

hence a point is represented by any vector of the equivalence class
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Homogeneous Coordinates - Lines

In P2 lines as well are represented as vectors

because of the equivalence class of vectors, any vector of the class is
representative y

ax+by+c=0 (a,b,d'
(kayx+(kb)y+kc=0," k1 O

(a.b.d" ~klab.d' ja

Note that Points and Lines are represented both in P2 as vectors
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Degrees of Freedom (DOF)

DOF is the number of parameters needed to specify an object in
the respective space

examples:

line in 2D line in 3D

/ (2dof) N (4dof)

.r')f
» -
» -
-
-
-
\ -
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Homogeneous vectors (in P2) have 2 DOF

Any homogeneous vector x (in PZ) has 3 coordinates but only 2 DOF since it

IS up to scale — hence only the two ratios x1:x3 and x2:x3 between the
coordinates are significant.

Homogeneous vector x: (xl, X,, X, )T =K X(Xl, X2 X3 )T

The ratios x1:x3 and x2:x3:

— G =
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Incidence of Points and Lines

The point x lies on the line | if and only if x"I=ITx=0

x = (x,y1)'on I =(a,b,d" if and only if ax+by+c=0
(x,yD(a,b,d" =x"1=0
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Points from Lines - Intersections of Lines

Theintersecton pointx of twolinesl, andl, satisfies

T — i — -1 -
X1, =x1,=0 ® x=I,"1,

Example

v
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Points from Lines - Intersections of Lines

Theintersecton pointx of twolinesl, andl, satisfies

T — i — -1 7 — s
X1, =x1,=0 ® x=I"1,® x=-1,"1,

Example
I 0) 1 -1 1
1" 0 =-1»1
y=1
: -1 -1 -1 1
x=1
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Alternative Notation for the Cross Product

The cross product of two vectors a and b (axb) can be written as a
product of an anti-symmetric matrix [a]x and the vector b

a’ b=[a],b=-[b], a

The appropriate anti-symmetric matrix [a]x IS:

O -a a,
[a]x = 8 0 -8y
-a, 0
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Points from Lines - Intersections of Lines

The intersection of two lines | and |' is the point X =1" I'=[I],I'=-[I'], |

Example

v
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Lines from Points - Line joining two Points

Thelinel joining two pointsx, and x,, satisfies

X 1=x,1=0 ® 1=x%,"x,

e —
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Lines from Points - Line joining two Points

The line through two points Xand X' is the line | =x" x'=[x], X'=-[X"], X

e —
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Lines from Points - Line joining two Points

The line through two points Xand X' is the line | =x" x'=[x], X'=-[X"], X

Example

v

camp | department of computer science | technis  che universitat minchen | 26 April 2007 56



chair for computer aided medical procedures @ m} :|_|
— l —lﬂl‘“m — -

ldeal Points and the Line at Infinity

Intersections of parallel lines are the points at infinity (ideal points)
|=(a,b,c) andI'=(a,b,c)" " I'=(b,- a,0)"

O -¢c b a b(c'- ¢) b
[I],I'= ¢ O -a b = a(c-c') » -a
-b a 0O <c 0 0
Ideal points (%, %,,0)"

Line at infinity 1, =(0,03)"

alternative definition of P2~ P*=R?E|,

Note that in P2 there is no distinction between ideal points and others
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ldeal points and the line at infinity — an example

Example

A

v

X=1x=2

e —
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Duality

=0 «—— I'x=0

Xx=I"l" «—m— |=x" X

Duality principle:

To any theorem of 2-dimensional projective geometry
there corresponds a dual theorem, which may be
derived by interchanging the role of points and lines in
the original theorem
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3D Projective Space - 3D Points
3D point  (X,Y,Z)" in R3
X :(Xl,XZ,X3,X4)T in P3
X, X, Xy,
X= 1,22 231 =(X,Y,2,1)
X, X, X,

projective transformation

X'=HX (4x4-1=15 dof)
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3D Projective Space - Planes
3D plane X+ Y+ Z+ ,=0

(Kt X+ X+ X, =0

X =0
Transformation of a plane by point homography H

X=HX
1— H -T
Duality: points  planes, lines lines
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3D Projective Space - Planes

a reminder: Euclidean representation

n.X+d=0
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3D Projective Space - Planes from Points

Solve fromX,; =0,X) =0andX] =0

.
Xy X,

X; = (0 (solve as right nullspace of X; )

X1 X3
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3D Projective Space - Planes from Points Il

Implicitly from coplanarity condition deI[X X, X 2X3] =0

X, ((x; Ex; Exg
XZ X12 XZ 2 X32 —

C (k) () (), O
X, (%), (G) (%),

X1Dogs= XyDigp+ X3Digs- X,Dpp3=0

= (D234" D34y D1gar D123)T
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3D Projective Space - Planes from Points Il

= (D234" D34, Digar D123)T

it X, =(X, 1) andX, =(X,,Y,,Z,), wehave

i Yo Y Yi-Ys Y- Yy Y
D,,=detz, Z, Z, =detz,-7, Z,-Z, Z,

1 1 1 0 0 1
= ((X1- X3)" (X,- X3)),

((Xl'z(s);(xg: Xs))
B Xst(X1, Xz)
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3D Projective Space - Points from Planes

Solve X from [X =0, X =0and X =0

X =0 (solve Xas right nullspace of

W NH P o
W NA PP o
N’

Representing a plane by its span
X =MX M = [Xlxzxs] = (a, b, C,d

T —
M =0 M:p p:_E_E_E
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3D Projective Space - The Plane at Infinity

0
_T O
ng:AT¥: A T O = ¥
(AT 1 0
1

The plane at infinity  is a fixed plane under a
projective transformation H iff H is an affinity

canonical position y = ( O,O,O,l)T
contains directions D =(X,, X,,X,,0)"
two planes are parallel U line of intersection in
line // line (or plane) U point of intersection in

W e
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Summary

Projective Transformations (2D)
Transformations of Points and Lines
Hierararchy of Transformations

Euclidean

Similarity

Affine

Projective
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Summary

Projective Space P2
Homogeneous Coordinates
Points

Lines

Points and Lines at the Infinity
Intersection of Lines: Points
Connection of Points: Lines
Duality

3D Projective Space
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Readings

For this lecture:
Hartley & Zisserman pp.:

25-32 (P2 Projective Plane)

For the next lecture:
Hartley & Zisserman pp.:

32-49 (P2 Projective Transformations),
65-73 (3D Projective Space)

e —
camp | department of computer science | technis  che universitat minchen | 26 April 2007

70



