
25 June 2007

chair for computer aided medical procedures

department of computer science | technische universität münchen

chair for computer aided medical procedures    |    wwwnavab.cs.tum.edu

3D Computer Vision
Two View Geometry
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based on a course given at UNC by Marc Pollefeys & the book “Multiple View Geometry” by Hartley & Zisserman
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Outline of the Computer Vision Lecture 

Projective Geometry and 
Transformations

- Transformations with 
homogeneous coordinates

- 2D projective geometry

- 3D projective geometry

- 1D projective geometry

Estimation

- Direct and Iterative Estimation

- DLT Algorithm

- Cost Functions

- Robust Estimation (RANSAC)

Algorithm Evaluation and Error 
Analysis

- Statistics, Error Propagation

Camera Geometry

- Camera Models

- Camera Calibration

Two-View Geometry

- Epipolar Geometry / Fundamental 
Matrix / Essential Matrix

- 3D Reconstruction of Cameras and 
Structure

Three-View Geometry

- Trifocal Tensor

- Computation of the Trifocal Tensor

N-View Geometry

- N-Linearities and Multiple View 
Tensors

- N-View Computational Methods

- Factorization

- Structure From Motion

Advanced Estimation

- Bundle Adjustment

- Iterative Closest Point (ICP)

Single-View Geometry



camp  |  department of computer science  |  technis che universität münchen  | 25 June 2007 3

chair for computer aided medical procedures    |    wwwnavab.cs.tum.edu

Motivation

(iii)Scene geometry (structure): Given corresponding image 
points xi � x’i  and cameras P, P’, what is the position of (their 
pre-image) X in space?
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Outline – Two View Geometry

� Epipolar Geometry

� 3D Reconstruction

� F-matrix Computation

� Structure Computation

� Scene Planes and Homographies

� Affine Epipolar Geometry
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PXx = XP'x'=

Point Reconstruction
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XP'x'=PXx =

0XP'x =´
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algebraic error yes, 
constraint no 
(except for affine)

Linear Triangulation
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0x̂F'x̂ subject to )'x̂,(x')x̂(x,)',( T22 =+= ddxxC
X̂P''x̂ and X̂Px̂ subject toly equivalentor ==

possibility to compute using LM (for 2 or more points)

or directly (for 2 points)

Geometric Error
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Geometric Error

Reconstruct matches in projective frame 

by minimizing the reprojection error

( ) ( )2
22

2
11 XP,xXP,x dd +

(see Hartley&Sturm,CVIU´97)
Non-iterative optimal solution
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An optimal solution

Goal: Given an epipolar plane, find best 3D point for (x1,x2) that

is optimal given epipolar plane

x1

x2

l1 l2
l1
x1

x2
l2

x1´

x2´

Select closest points (x1´,x2´) lies on epipolar lines
Obtain 3D point through exact triangulation
Guarantees minimal reprojection error 
(given this epipolar plane)
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An optimal solution

(i) Parametrize the pencil of epipolar lines in the first image by 
t, thus epipolar line is l(t)

(ii) Using Fundamental matrix,compute corresponding l‘(t)

(iii) Express distance as a function of t

(iv) Find the value t that minimizes this function

2''22''2 ))(,())(,(min)ˆ,()ˆ,(min tlxdtlxdCxxdxxdC tX +==+=
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Details of minimization

To simplify analysis: place x and x‘ at origin (0,0,1)T with rigid 
transformation

Define epipoles:

Fundamental matrix has special form
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Details of minimization

Epipolar line and epipole:

Squared distance line-origin:

With Fundamental matrix compute epipolar line in the other image:
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Details of minimization

Minimize total distance:

Use elementary calculus:

Minima and maxima of s(t) will occur when s‘(t)=0

Solution at roots of polynomial of degree 6
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Optimal Epipolar Plane

� Reconstruct matches in projective frame by minimizing the 
reprojection error

� Non-iterative method

Determine the epipolar plane for reconstruction

Reconstruct optimal point from selected epipolar plane 

( ) ( )2
22

2
11 XP,xXP,x dd +

(Hartley and Sturm, 
CVIU´97)( )( ) ( )( )2

22
2

11 �l,x�l,x DD +

(polynomial of degree 6
check all minima, incl � )

m1

m2

l1(a) l2(a)

3DOF

1DOF
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consider angle between rays

Reconstruction Uncertainty
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Does not work for epipolar plane

Line Reconstruction
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Outline – Two View Geometry

� Epipolar Geometry

� 3D Reconstruction

� F-matrix Computation

� Structure Computation

� Scene Planes and Homographies

� Affine Epipolar Geometry
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plane induces homography between two views

Scene Planes and Homographies
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 a]|[AP'   0]|[IP ==

0X� T = ( )TT ,1v� =

Hxx'= TavAH -=

0]X|[IPXx ==

( )TT �,xX =

point on plane

( )TTT x,-vx=
project in second view

( )xavAx' T-=

Homography Given Plane
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Homography Given Plane and Vice-versa
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0]|K[IPE = t]|[RK'P'E =

( ) -1T K/tnRK'H d-=

dn/v =

TT ) n(� d=

Calibrated Stereo Rig
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points on plane also have to satisfy epipolar geometry! 

( ) x 0,FxHxFxHx TTT "==

HTF has to be skew-symmetric

0HFFH TT =+
x ,x'e'Fx "´=

x'x 0,'x'eHx TT «"=´

H'eF ´=

Homographies and Epipolar Geometry
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e

(pick lp =e’, since e’Te’� 0)Fxl'x � ´=

�ll ´

e'

�l
x Fxl =

Fe'H � ´= ( )H'eF ´= withcompare

Homographies and Epipolar Geometry
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Hee'=

Homography also Maps Epipole
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e
T

e l'Hl =

Homography also Maps Epipolar Lines
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( )Hxx'Fxl'e ´==

Compatibility Constraint
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Method 1: reconstruct explicitly, 
compute plane through 3 points
derive homography

Method 2: use epipoles as 4th correspondence 
to compute homography 

Plane Homography :: given F and 3 Corresponding Points
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Degenerate Geometry for an Implicit 
Computation of the Homography
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Consistency constraint: 
points have to be in exact epipolar correspodence

Determine MLE points given F and x� x’

Use implicit 3D approach (no derivation here)

( )T1bMe'AH --=

( )( ) ( ) 2T e'x'/e'x'Ax'x ´´= iiiiib

[ ] Fe'A ´=

Estimation from 3 Noisy Points and F
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Plane Induced Parallax
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Hx'xl ´=
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( ) ( )6655 Hx'xHx'xe' ´´´=

x1,x2,x3,x4 in plane, x5,x6 out of plane

Compute H from x1,x2,x3,x4

[ ] He'F ´=

6-point Algorithm



camp  |  department of computer science  |  technis che universität münchen  | 25 June 2007 33

chair for computer aided medical procedures    |    wwwnavab.cs.tum.edu

� e'Hxx' +=

( )TT �,xX =

r =0 on plane
sign of r determines on which side of plane
Relative Affine (Shashua-Navab CVPR’04, PAMI’06)

Projective Depth
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Binary Space Partition
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1
-1
2 HHH = eHe= iH[e]F ´=

H has fixed point and fixed line 

Two Planes


