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1 Disclaimer

Dear Reader. These notes are a supplementary to the lecture Basic Mathe-
matical Tools for Imaging and Visualization, offered at the TU Miinchen by
Prof. Dr. Nassir Navab. The notes are neither complete nor self contained and
meaningful only combined with the visit of the lecture. Comments are gladly
accepted at zikic@in.tum.de.

2  Outline

In these notes we briefly present the derviation of the Fuler-Lagrange equations
for the standard model problem of minimizing the fuctional

I[y]=/F(Jf,y,y’) dz

where y is a scalar valued function.

The Fuler-Lagrange differential equations are derived from necessary condi-
tions for the existence of an extremal point of a given functional. The necessary
condition needed for the derivation is that the so called Gateaur derivative -
which presents the directional derivative of the functional - must vanish for all
test functions at the extremal point. After presenting the necessary notation, we
introduce the Gateaux derivative in Section 4 and present the derivation of the
Euler-Lagrange equation for the standard problem in Section 5. The presented
derivation follows a book by Meyberg and Vachenauer [1].



3 Notation

e Let V be a R wvector space, that is a set with defined operations + and -
and some appropriate rules.

o A function space is a vector space with functions as vectors. We will
assume a function to be f: R" O B — R™.

o A functional is defined as I : D — R with D C V', where V' denotes a R
vector space. In words, a functional maps functions from a function space
to real numbers.

4 Gateaux Variation

The so called Gateauz derivative presents the directional derivative of a func-
tional in the direction of a certain test function. By this, it provides us with a
possibility to define a necessary condition for an extremal point of a functional.
This condition is needed for the derivation of the Euler-Lagrange equations,
as presented in Section 5. In this section we show that the Gateaux deriva-
tive, which intuitively can be seen as a directional derivative of a functional
I : D — R in the direction of a test function v € D, has to equal zero for an
extremal point of the functional I if defined in the following manner

1
OI(yv) = lim < Iy + ) ~ ()] - 1)
Given a minimization problem of a functional
§=argminI(y) , (2)
y

for a functional I : D — R.

In the following we will show that the Gateaux derivative as defined in (1) has
to vanish for an extremal point g of the functional I. We assume as known the
fact that the derivative of a real-valued function must vanish for an extremum
of this function.

In order to link the necessary condition for an extremal point of a functional
to the necessary condition for an extremal of a real-valued function, we define
a real-valued function h: R — R

he) = Iy + ev) (3)

with y,v € V and € € R. Please note that in this definition, only € is a free
parameter, y and v are assumed to be fixed.

The function h has by definition the property that if we chose an extremal
point of I as y (that is y := §), then h will have an extremum for ¢ = 0 for an
arbitrary v. Since this is important we write it once again in equation form

g=argminl(y) = h(e) =1I(j§+ ev) is extremal for e =0 . (4)
y



Since we assumed to know that for an extremum of a real-valued function, the
derivative vanishes, we can state the upper equation equivalently as

j—argminI(y) = 0= dih(e) for h(e) = IG+ev) . (5)
v € e=0

And this equation gives us a necessary condition for the existence of the
extremal point of I.

If y is an extremal point of I, then it is necessary that 0 = %I(Q + EV)L:O
holds.

The necessity of the condition can be seen by the negation of the upper
statement: The condition 0 = %I (§+ 6V)|E:O must hold, since otherwise y

cannot be an extremal point of I. Hence, the condition 0 = %I(Q + 61/)|E=0 is
necessary.

The resulting term 0 = %I(Q + ey)’E:O from which must vanish at an ex-
tremal point of a functional is called the Gateaur derivative or Gateaux varia-
tion. It can be seen as a derivative of the functional I : D — R in the direction
of a certain function v € D.

We denote the Gateaux derivative of the functional I : D — R in the

direction of v € D by

oI(yv) = i+ en)| (6)
e=0

Side note: The Géateaux derivative presents an analogon to the directional
derivative in the case of extremal values in R™.

It is important to remember that the vanishing of the Gateaux derivative
is only a necessary condition for an extremal point of a given functional I.
It is in general not sufficient. Meaning that if 9I(y;v) = 0 for a certain y
we can only say that y is a candidate for an extremal point of I. However
we can explicitly not guarantee that y is actually an extremal point of y. In
practice, however, almost always only the necessary condition is enforced, and
the sufficient conditions are assumed to be fulfilled.

Deriving a necessary condition for existence of an extremal point of a given
functional is the most important step of this section. In the remainder of the
section we derive an equivalent form for the Gateaux derivative, that is we show
that the follow equation holds.

O1(v) = GoTy+ )| =m0+ )~ 10)] ")

The second formulation is perhaps more intuitive when interpreted as a di-
rectional derivative. The derivation is however only technical in nature and
provides no further crucial results.



d 1
@@ = Imghern—h@) ®
= I %[I(y +(e+tw) — I(y+ )] 9)
e=0
= %%%[I(y+eu+tu)—[(y+eu)] (10)
e=0
~ 1l %[I(y v tv) — Iy)] . (11)

5 Euler-Lagrange Equations

In the following we derive the Euler-Lagrange differential equation for the model
problem

b
gj:argmin[[y]:/ F(z,y,y') dz
Y a

Here y is a real-valued function from the domain D, and the functional is defined
as I : D — R. The domain D is defined as

D= {y € C?[a,b] | y(a) = ya, y(b) =, a,b € R} ) (12)

Please note that the definition of the domain D encodes boundary functions for
admissible functions y. The first and second derivative of y are denoted by 7’
and y” respectively.

We will show that using the fact that the Gateaux derivative vanishes at an
extremal point we can derive from the model problem the following equation

O = L0y

This equation must hold for y = g, that is, an extremal point of the model
problem.
We define a function y. €, based on the assumption that the extremal ¢ is
known as
Ye =9+ ev , (14)

with real-valued v € C?[a, b] with v(a) = v(b) =0 and € € R.
Using the fact that for § the Gateaux derivative must be zero, that is



0 = 01(§;v), we get the following derivation

0 = aI(yv) (15)
= 4 e d (10
- dE Y mvyﬂye €z Y
- /—Fx% /) do (17)

e=0
= /EF( )Z/(I)+iF(I D' (z) dx (18)
gy e By Ye Ue B
[ 2p i) + i) i (19
= | & z, 9,9 oy L@ 0:9 -

*

Side note: the step (18) is obtained by the application of the chain rule, from
(18) to (19) we get by evaluating for € = 0. In order to get rid of the term v/
we take a closer look at the (*) term and perform integration by parts. We get

b a 8 b
A At / A~ Af
/a aiy,F(ma?%y )V(.’E) d.’II = |:V<x)ay,F($,y,y ):|a
b d 9 o,
- [ g d 0
b d o .
= [ o) g i) e 2)

Side note: The first term vanishes from step (20) to (21) because the first term
in the equations evaluates to zero because of the boundary condition imposed
on v that v(a) = v(b) = 0.

By substituting (21) in (19) we get

‘Q>

0=AT£H 000) g Fad )| vie) do (22)

And finally, using the Theorem (5.1), we get the Euler-Lagrange equation
for the model problem

0= 7F(x’g7g/) - 77F(I7y7@,) . (23)

This differential equation presents a necessary condition for an extremal point
9 of the functional from the model problem.
By remembering that y and 3’ are functions of x, applying the chain rule to



the second term, dropping the arguments for F' we get the alternative notation

0 d 0
— Fxr. 0.4 — Flr. 0.7 24
0 a9 (2,9,9) 4z Oy (,9,9) (24)
0 d 0 o 9 , g 0 p

o’ awoy” Togayt Y Tagayt V) o B

Theorem 5.1 Let f : [a,b] — R be continuous. If for an arbitrary g € C?[a,b]
with g(a) = g(b) = 0 it holds that

b
0= / f(@)g(x) dv (26)

then it follows that
f=0. (27)

The proof for the theorem is straight forward and can be done by assuming that
f # 0. Then, it is easy to find a g, such that fab f(x)g(x) dz # 0, which
presents a contradiction to the basic assumption of the theorem. If f € C?[a,b]
with f(a) = f(b) =0 and f # 0 in a certain subinterval of [a,b], then f itself is
a suitable candidate for g, such that fab f(z)g(z) dx # 0.
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