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Outline — Camera Model

o History of Camera (Camera Obscura)

o Intensity Images

o Geometric Parameters of a Finite camera
o Projective Camera

o Camera Center, Principal Plane, Axis Plane, Principal Point,
Principal Ray

o Decomposition of Camera Matrix
o Cameras at Infinity
o Other Camera Models (Pushbroom and Line Cameras)
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History :: Camara Obscura

Camera obscura (||Camera obscura) [LL. illum 1n tabula per radios Solis, qudm in celo contin-
camera chamber + L. obscurus, git:hoc eft,fi in ceelo fuperior pars deliquiil patiatur,in
obscura, dark.] (Opt.) radiis apparebit inferior deficere, vt ratio exigitoptica.

1. An apparatus in which the images of i
external objects, formed by a convex I:i-.p L Die ﬂf‘;j;ﬁ’
lens or a concave mirror, are thrown on _,f;,.....,:? ————— ——
a paper or other white surface placed in e
the focus of the lens or mirror within a .
darkened chamber, or box, so that the
outlines may be traced.

2. (Photog.) An apparatus in which the
image of an external object or objects is,
by means of lenses, thrown upon a
sensitized plate or surface placed at the Sic nos exafté Anno 1944 . Lovanii eclipfim Solis
back of an extensible darkened box or obleruauimus , inuenimuséy deficere paulé plus § dex-
chamber variously modified; - commonly
called simply the camera.

Websters Dictionary, 1913

Camera Obscura, Reinerus Gemma-Frisius, 1544,
published in “De Radio Astronomica et Geometrica”, 1545
from Gernsheim, H., “The Origins of Photography”
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History :: Camera Obscura

Camera Obscura, Athanasius Kircher, 1646

from Gernsheim, H., “The Origins of Photography”

Portable "Tent' Camera Obscura, Johannes Kepler, 1620

from Gernsheim, H., “The Origins of Photography”
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History :: Camera Obscura

Reflex Camera Obscura, Johannes Zahn, 1685
published in Zahn, J., “Oculus Atrtificialis”, (1685 - 1686)

from Gernsheim, H., “The Origins of Photography”
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Outline — Camera Model

o History of Camera (Camera Obscura)

o Intensity Images

o Geometric Parameters of a Finite camera
o Projective Camera

o Camera Center, Principal Plane, Axis Plane, Principal Point,
Principal Ray

o Decomposition of Camera Matrix
o Cameras at Infinity
o Other Camera Models (Pushbroom and Line Cameras)
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Intensity Image

o photometric parameters

o light energy reaching the sensors after being reflected from objects
(not discussed in this course)

o geometric parameters

o 2D position in the image on which a 3D point is projected
(depending on camera geometry, discussed here)

- —
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Pinhole Camera Model
‘ X
]
/
X //’f’ . X
Y b
i /lx‘"'_d;:?l
C /" - 7
\ P \\ N
clen - e “ principal axis f
centre -;K/ ~ image plane
P
, . T T
o mapping between 3D world and 2D image (X, Y, Z) > (X, Y)
o central projection
o models are described in matrices with particular properties
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Homogeneous Coordinates

‘Y

\

i
camera
cente

N O °

* principal axis

-;I/ image plane

(X,Y,Z1)' = (x,y,2)"

5'Q
Y
/

(x )

y:

1)

\Z

—

B —

camp | department of computer science | technische universitat miinchen | 11 December 2006

A

11



chair for computer aided medical procedures @ O O
— l I m —

Central Projection
‘Y

A
X //// & X
Y —
M - g
" - X
C /& - 7
\ R *
) - e “ principal axis
camera -
centre -;(/ image plane
/
L~

X=PX
P = diag(f,f,1)[1|0]

camp | department of computer science | technische universitat miinchen | 11 December 2006



chair for computer aided medical procedures @ O O
— l I m — |

Principal Point Offset
r

b /’//
“cam X e e X
/”H/F —
L —_— T
j‘rn P g x .K__ //}E.
YA - y \ A ~ » =
P
: SN .
| \ ~ //' * principal axis
Lo T— camera -
x X centre -;(/ image plane o )
Vv principal point

(perpendicular intersection point of
principal axis and image plane)

(X.Y,Z)' = (X/Z+p,.fY/Z+p,)"

where  (p,,p,)
are the coordinates of the principal point
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Principal Point Offset

(fX+Zp,\ |f p, O
tY +Zp, |= f p, O
0

where K = f IS callled camera calibration
matrix
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Camera Rotation and Translation

Inhomogeneous Z
coordinates
X_ =R x C .
X
where K=V represents the point in X
7 world coordinates

represents the same point in
Y cam camera coordinates

represents the coordinates of the camera
C origin in the world coordinate frame
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Camera Rotation and Translation

homogeneous ¢
coordinates
X, X, € R* o -
X
R —-RC|Y
Xcam = =
0 1 Z
1

X = K[I O]XCam projection to image plane from camera coordinates

X = KRII | _6])( projection to image plane from world coordinates
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Extrinsic and Intrinsic Parameters

x =PX

where

~ projection matrix of a general
P = KR|I | —C_ pinhole camera with 9 DOF

f P,

K = f p, intrinsic camera parameters with 3 DOF

1

extrinsic camera parameters with each 3 DOF
R,C
(camera orientation and position in world coordinates)

- —
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Camera Rotation and Translation

no explicit

camera center

X =RX+t

P=K
=K
where

t=-RC

R
R

t

—RC]

from

Yeam

Z
Zeam
\{
x =PX 0
X

x = KR[1|-C X
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CCD Cameras :: Non-Square Pixel

m.,, my number of pixels per unit distance

m, / p.
K = m_ /b,

K = a, p, 4 DOF

P=KR[[|-C]  1000F

camp | department of computer science | technische universitat miinchen | 11 December 2006 19
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Skew Parameter

S skew parameter

P =KR[1|-C]

— G

5 DOF

finite projective camera with
11 DOF
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Finite Projective Camera :: Summary

o S P.r ~
R —-RC projection matrix

P = &, Py 0 1 11 DOF (5+3+3)

:}{R[I -C| _
-

non-singular
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Finite Projective Camera :: Decomposition of P
M =KR non-singular 3x3 matrix (8 DOF)
P =KR[1|-C]
P =Ml1|-C]
decompose projection matrix P in K,R,C
P=[MIp,] [K.R]=RO(M)  C=-M"p,
\_Y_l
RQ matrix
decomposition

camp | department of computer science | technische universitat miinchen | 11 December 2006
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Finite Projective Camera :: Summary
P= KR[I | —E] where PeR 4
- M1 -C|

o camera matrix P are identical with the set of homogeneous 3x4
matrix for which the left hand 3x3 submatrix is non singular

o {finite cameras}={P| det M#0} ={P| rank(M)=3}
o If rank(P)=3, but rank(M)<3, then camera at infinity

o if rank(P)<3 the matrix mapping will be a line or a point and not
a plane (not a 2D image)

- —
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Outline — Camera Model

o History of Camera (Camera Obscura)

o Intensity Images

o Geometric Parameters of a Finite camera
o Projective Camera

o Camera Center, Principal Plane, Axis Plane, Principal Point,
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o Decomposition of Camera Matrix
o Cameras at Infinity
o Other Camera Models (Pushbroom and Line Cameras)
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Camera Anatomy

o camera center
o column vectors
o principal plane
o axis plane

o principal point
o principal ray

1‘[

\

\
camera
centre
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Camera Center

PC =0 P has a 1D null-space

we will proof that the 4-vector C is the camera center

X(k) = AA + (1 — K)C points on a line through A and C
X =PX=APA+(1-L)PC=APA since PC=0

all 3D points on the line are mapped on the same 2D image point, and
thus the line is a ray through the camera center

C) (-M'p,
1 1

. _ d

Infinite cameras: C (O}Md —0

camp | department of computer science | technische universitat miinchen | 11 December 2006 27
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Column Vectors

pl ER ,l :1,...,4 C{ o | - 0
a—

column vectors are the image points, which project the
axis directions (X,Y,Z) and the origin

example for the image

of the y-axis (vanishing pt) [pz]:[p1 P, Ps p4][0 10 O]T

P, isthe image of the world origin

camp | department of computer science | technische universitat miinchen | 11 December 2006
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Row Vectors
i 4 .
peR,i=1..3
represent geometrically particular world planes
B B _OIT_
Pii P Pz P
. 2T
P=\py Pyn Py Pul|=|P row vectors
DST
P31 Pn Pz Pul| [P
— p1 p2 p3 p4] column vectors
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Row Vectors of the Projection Matrix

P1is defined by the camera center and the
line x=0 on the image

P2 is defined by the camera center and the
line y=0 on the image

1 e
Y
Example P2 0|= :)2T
wl o7 ”
- — B __ 1 |

respectively for P!
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Principal Plane

plane through camera center and
parallel to the image plane

_ B 1T 7] X

X p \

_ il Y principal plane

YI=|P

0 3T Z points X are imaged on the line at
V] | P infinity

]
if X is on the principle plane p?'X=0

especially p?’C=0

camp | department of computer science | technische universitat miinchen | 11 December 2006
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Principle Point
line through camera center and A
perpendicular to principle plane is the pd
principle axis Xﬁ,{ 7
P s
o Fx
: . : c _ )/ - 7
intersection of the principle axis \ s AN
with the image plane is the e princlpal i
principle point e /"/ image plare
PP=(p,, py, pu 0)  normaldirection to principal plane
principle point
53 3 _
x, = PP*=Mm® where P=[M|p,]
and m3T third row of M
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=  Bllwm =

Principle Axis Vector

ambiguity that principle axis points

towards the front of the camera (positive ¢ 4/ or -m’

direction)

x=P,  X__

PC am H kPC am

97@-_
-
Pl/

)\
K)k* =(0,0,1)"

towards the front of the camera

4
v kv direction unaffected by scaling

P=kKR[[|-C|=[M|p,]  since det(R)>0

camp | department of computer science
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Forward Projection

maps a point in space on the image plane  P? _y P?

x =PX

Points at infinity: D= (dT,O)T

x=PD=[M|p,|D=Md

only M effects the projection of points at infinity
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Back-projection to Rays

points on the reconstructed ray

PC =( cameracenter C

X=Px P =P"(PPT]" PP =I

(pseudo-inverse)

ray is the line formed by those two points
X(L)=P*'x +AC

Y AT intersection of the ray with the
D = (M X) ,0]  plane at infinity

-1 -1 -1
X(1)=p M"x N -M'p, _ M (ux - p, )
0 1 ]

D

o J/ . J/

v

C
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Depth of Points

C >
——g -
X.m?

w=P'X=P"(X-C)=m"" (X-C)
(PC=0) (dot product)

if detM > O;Hm3H =1,

then m3 unit vector pointing in positive axis direction

Suppose P(X,Y,ZT) =w(x,y,)" . Then

sign(detM)w
T’

depth(X;P)=

camp | department of computer science | technische universitat miinchen | 11 December 2006 36
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Depth of Points: examples tﬁfﬁff%ffffffJX

=  Bllwm =

g .
X.m?

1ign(detM
depth(X; P) = Slgnﬁn?” )W P( XYZ I)T = w(x, y.])!
X=PX X=PX
P=[10] P=R[I|-C]

depth(X;P)=Z depth(X; P)=R* (X - C)
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Outline — Camera Model

o History of Camera (Camera Obscura)

o Intensity Images

o Geometric Parameters of a Finite camera
o Projective Camera

o Camera Center, Principal Plane, Axis Plane, Principal Point,
Principal Ray

o Decomposition of Camera Matrix
o Cameras at Infinity
o Other Camera Models (Pushbroom and Line Cameras)

camp | department of computer science | technische universitat miinchen | 11 December 2006

38



EBilwm =

chair for computer aided medical procedures
—

Camera Matrix Decomposition

Finding the camera center C

PC=0
numerically: find right null-space by SVD of P

P3X4 _ U3X4D4X4v4X4T N P3X4V4X4 — U3X4D4X4 N PV4 — O

Algebraically:
X:det([pzap39p4]) Y:_det(_plap39p4_)

Z=d€t([p1,Pz»P4]) T:—det(:pl,pz,p3:)

where C=(x,v,Z,T)

39
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Camera Matrix Decomposition

Finding the camera center C

PC=0

EBilwm =

Any plane 1T going through C will be a linear combination of the three

planes defined by the rows of P. Therefore:

etz P =0

= 7, det(Py,) — 7, det(h, ) + 7y det(hR,, ) — 7, det(F,;)

X=det([p2,p3,p4]) Y:_det(

P15P35P4 ]

Z=det([p1,p2,p4]) T:_det(
where C=(x,v,Z,T)

camp | department of computer science | technische universitat miinchen | 11 December 2006
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Camera Matrix Decomposition

Finding the camera orientation and internal parameters

o, S W
P =|M|-MC|=K[R |-RC] K=|0 a nx
0 0 1

Decompose M =KR using RQ decomposition

Q ﬂ)'1= R

Ambiguity removed by enforcing positive diagonal entries

-1 Q—1

[l
A~~~
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When is Skew Non-zero?

camp | department of computer science

a A

X

a

y

P

p,
1

(e

'/

/ /<arctan(1ls)
4 Vi \
1 Y

for CCD/CMQS, always s=0

Image from image, s#0 possible
(non coinciding principal axis)

resulting camera:
where H is a 3x3 homography

| technische universitat miinchen | 11 December 2006
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Euclidean vs. Projective Spaces

general projective interpretation

0
P = [3x 3 homography] 0 4 x 4 homography|
1

o o -
S = O
o O O

Meaningful decomposition in K,R,t requires
Euclidean image and space

Camera center is still valid in projective space

Principal plane requires affine image and space

Principal ray requires affine image and Euclidean space
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Outline — Camera Model

o History of Camera (Camera Obscura)

o Intensity Images

o Geometric Parameters of a Finite camera
o Projective Camera

o Camera Center, Principal Plane, Axis Plane, Principal Point,
Principal Ray

o Decomposition of Camera Matrix
o Cameras at Infinity
o Other Camera Models (Pushbroom and Line Cameras)
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Cameras at Infinity

Cameras with its center lying at infinity

d
P 0 =0 =detM =0 Missingular

Two types of cameras at infinity:
Affine and non-affine cameras

camp | department of computer science | technische universitat miinchen | 11 December 2006
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Affine Cameras

Definition:
An affine camera is a camera with a camera matrix P in which the
last row p3Tis of the form (0,0,0,1)" .

P P Pi3 p14_

P=1p, Py Py Py
0 0 0 1

points at infinity are mapped to points at infinity
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Affine Cameras

P
L5
P
e
Pt
- -
EE
P )
L PR
- P
- .
-7 -7 e
- -
- -7 -
- .
-7 s -
L - -
- P -
- - -
— - . -
- - -
- - . -
- - -
- - B =
. - N L
- - - -
- - . -
- - -
- o7 s e

perspective

-
-
- -
e .
-
- -
- - .
-7 -
- -
- .
- -
- .
. -
-7 -
- .
.
.
-
. -
. P
- -
- -
# -

weak perspective

increasing focal length

increasing distance from camera
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= [Eillm —

_rlT . I_IT’(":_ q q q
KR[H_G]:K T —r'C|

increasing focal length -
T T~
rr—r C

Affine Cameras

Py

g distance from camera ——————»—

~ distance of the world origin from the camera center in
direction of the principle ray

{
S
1
I
-
()
=

~ [

1T 1T 1T 1T~ |
r —rC-#’ r —1r C

P =K T —T(C-1?)|=K| T =1*"C

T T [~ T
rt —rC-a r’ d,

modifying p,, corresponds to moving along principal ray

L
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Affine Cameras

combine tracking back and zooming

d /d, 1™ —1"C -
- Y magnification factor k=d,/d,
P =K d /d, " —r~C| remains fixed
i 1] ' d
B 1T _rlT("j_
. dt 2T 2T o~
_d_K r -1 C
0 3T
'd,/d,  d, |
rlT . rlTC
P =1imP, =K|r* —1’'C
[—>0
0 d,
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Error in Employing Affine Cameras

ar +Br2 point on plane parallel with principal plane and
X = through origin, then PX=PX=PX

1 2 3
X = or +Pr° +Ar general points (not on the parallel plane) with
1 distance A from the plane

(X )
x =PX=K|l %

proj Xpr()j
d,+A
K 0 / /./;(afﬁne

(%) X0
Xafﬁne — PooX — K .)7

camp | department of computer science | technische universitat miinchen | 11 December 2006
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Error in Employing Affine Cameras

I<2><2 xO

K=| <
0" 1

—  EG

. K, ,X+(d,+A)X, . K, ,X+dX,
proj affine ~
d,+A d,
K, X K, X
~ ~~ 2)(2 ~ ~ 2)(2
X . =X,+—— X =X, +t——
proj 0 affine 0
d,+A d,
X - X, = 0 (X — X ) weak -
affine 0 proj 0 perspective—g, | ——

dO
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Affine Imaging Conditions

A

Xafﬁne - Xproj = d_(Xproj - XO)
0

approximation should only cause small error

1. A much smaller than d,
2. points close to principal ray (i.e. small field of view)

camp | department of computer science | technische universitat miinchen | 11 December 2006
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Decomposition of P ,

1o 1]0 4 0 1]0 1

absorb d;in K,

P :_K2x2 O ﬁ T _ K2X2 in ﬁ O
Lo 1Jo 1] L0 1]o 1

alternatives, because 8dof (3+3+2), not more

- —
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Summary of Parallel Projections

0O 0 O
P,=0 1 0 0 canonical representation
0 0 1

K = {KM O} calibration matrix

principal point is not defined
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Hierarchy of Affine Cameras

dropping the z-coordinate

oS = O
o O O
_—O O

orthographic projection

R t
H =
0 1
— IT —_
tl
P =|{r'" ¢ (5dof)
o 2
0 1
camp | department of computer science | technische universitat miinchen | 11 December 2006
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Hierarchy of Affine Cameras

scaled orthographic projection

camp | department of computer science | technische universitat miinchen | 11 December 2006
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Hierarchy of Affine Cameras

weak perspective projection

P = a r*'t, | (7dof)

weak
perspecﬁw'ei —

-

camp | department of computer science | technische universitat miinchen | 11 December 2006



chair for computer aided medical procedures ' I—j O ﬂ
— i ﬂﬂ un 1 -

Hierarchy of Affine Cameras

affine camera

B N L IT — -

U 9 4 g my My Mmoo
P, = a, P! t, | (8dof) Py=lmy my my o
0 0 0 1

i 1__ 0 1 _ full generality of an affine camera

/1 0 0
P, =[3x3affine]0 1 0
_O 0 O
o Affine camera is a projective camera with principal plane at infinity
o Affine camera maps parallel world lines to parallel image lines

o No center of projection, but direction of projection P,D=0

0
0 |4 x 4 affine]
1
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General Camera at Infinity

P — [M ‘ p4] M is singular, but last row not zero

o camera center is on plane at infinity
o principal plane is not plane at infinity

o images of points at infinity are in general not mapped to infinity
on the image plane
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Outline — Camera Model

o History of Camera (Camera Obscura)

o Intensity Images

o Geometric Parameters of a Finite camera
o Projective Camera

o Camera Center, Principal Plane, Axis Plane, Principal Point,
Principal Ray

o Decomposition of Camera Matrix
o Cameras at Infinity
o Other Camera Models (Pushbroom and Line Cameras)
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Pushbroom Cameras

Line of motion

>

Image plane

X
Orthographic
, axis ( 1 1 d Of)
¥
Perspective
axis
Instantaneous

view plane

X=(XYXD)' PX=(xyw)'  (xy/w'

Straight lines are not mapped to straight lines!
(otherwise it would be a projective camera)
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Line Cameras

[X}: Pu P Prs (5dof)

Y Pa P»n Px

S

Null-space PC=0 yields camera center

Also decomposition P, , =K, R, [, ,|-¢]
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Summary Camera Models

o photometric and radiometric properties of a camera
o geometric parameters of a finite camera
o projective cameras

o camera anatomy (camera center, principle plane, principle
point, and principle axis)

o camera matrix decomposition (camera center, orientation,
and intrinsic parameter

o cameras at infinity
o affine cameras
o non — affine cameras

a

alternative models (pushbroom cameras, line cameras)
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Literature on Camera Models

o Chapter 6 in R. Hartley and A. Zisserman, “Multiple View
Geometry”, 2" edition, Cambridge University Press, 2003.

o Chapter 3 in O. Faugeras, “Three-dimensional Computer
Vision”, MIT Press, 1993.

o Chapter 2 in E. Trucco and A. Verri, “Introductory Techniques
for 3-D Computer Vision”, Prentice Hall, 1998.

o H. Gernsheim, “The Origins of Photography”, Thames and
Hudson, 1982.

o A. Shashua. “Geometry and Photometry in 3D Visual
Recognition”, Ph.D. Thesis, MIT, Nov. 1992. AITR-1401.

- —
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Action of Projective Camera on Points

Forward Projection

maps a point in space on the image plane  P? _y P?

x =PX

vanishing points D= (dT,O)T

x=PD=[M|p,|D=Md

only M effects the projection of vanishing points
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Action of Projective Camera on Points

Back-projection to Rays

X=Px P =P"(PPT]" PP =I

(pseudo-inverse)

PC =( cameracenter C

ray is the line formed by those two points

points on the reconstructed ray

X(L)=P*x +AC
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Action of Projective Camera on Planes

) —
: X
x=PX =[p,p,p:p.] ¢ |=[Pipp.] Y
1 i

The most general transformation that can occur between
a scene plane and an image plane under perspective
imaging is a plane projective transformation

(affine camera-affine transformation)
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Action of Projective Camera on Lines

forward projection

X(u)=P(A +uB)=PA +uPB=a+pb
back-projection
[1=P'l
[M'X=1"PX=0
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Action of Projective Camera on Conics

back-projection to cone
Q,=P'CP xTCx = X"PTCPX =0

Note: vertex of degenerate
qguadric is optical center,
since

Q. C=P'C(PC)=0

camp | department of computer science | technische universitat miinchen | 11 December 2006 69



chair for computer aided medical procedures @ O O
— l I m — |

Action of Projective Camera on Conics

back-projection to cone

Qco — PTCP J‘

Example P=K]JI|0] :
Q = K' C'[K |0]= K'CK 0
“ 10 0 0

where C =(0,0,0,1)"
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Images of Smooth Surfaces

The contour generator I is the set of points X on S at which
rays are tangent to the surface. The corresponding apparent
contour vy is the set of points x which are the image of X, i.e. y is
the image of I

The contour generator I depends only on position of projection
center, y depends also on rest of P

n

e
A SSTsea, |

TR
LA/

KR
L

A

Contour Apparent
generator I’ contour Y
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o Forward projection of quadrics:

C =PQP’

o The plane of I" for a quadric Q and camera center C is given by
P=QC (follows from pole-polar relation)
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Pole-Polar Relationship for Planes and points
with respect to quadrics

The polar plane I1=QC of the point C with respect to the quadric Q

intersects the quadric in a conic I'. The lines tangent to Q at these
points intersect at C.

- —
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Reminder: Pole-Polar Relationship for lines and
points with respect to conics

The polar line I=Cx of the point x with respect to the
conic C intersects the conic in two points. The two
lines tangent to C at these points intersect at x
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Pole-Polar Relationship for Planes and points
with respect to quadrics

The polar plane I1=QC of the point C with respect to the quadric Q

intersects the quadric in a conic I'. The planes tangent to Q at the
points on this conic intersect at C.

- —
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Action of Projective Camera on Quadrics
Forward Projection of Quadrics
C =PQP’

MNI'QMI=1"PQP'1=1"C1=0
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Action of projective camera on quadrics

o Forward projection of quaderics:

lines tangent to the conic C
satisfy:

I"C'1=0

These lines are back-projected to
planes PTI tangents to quadric Q,
satisfying:

[M'QII=0
I"'PQP'1=0

Therefore:

C =PQP’
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Action of Projective Camera on Quadrics

Forward Projection of Quadrics

C =PQP’

MNI'QMI=1"PQP'1=1"C1=0

The plane of I for a quadric Q and camera center C is given by
[T1=QC (follows from pole-polar relation)

The cone with vertex C and tangent to the quadric Q is

Qo =(CTROR-QONQO)T (5 - _
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Action of projective camera on quadrics
o Back-projection to cone: Example
o The cone with vertex
C=(0,0,0,1)" and tangent
to the quadric Q:
Oy 4
Q= "1
q Qyq
Qeo = (CTQC)Q B (QC)(QC)T
A4sFs3 — qu 0
Q. =1 ]
0 0
QC=0
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