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3D Transformations

Basic Coordinate Transformations
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3D Transformations - Translation

3D Point

o
|
<

Translation p' Ij-|- {

camp | department of computer science | technische universitat minchen | 21 November 2006



chair for computer aided medical procedures ' : I= ﬂ
] it TJH m

3D Transformations - Translation

Translation Matrtix

Translation
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3D Transformations - Rotation
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3D Transformations - Rotation

= Euler Angles for Rotation R=R,R R;:

(cosy —siny O]
rotation by I/ about the zaxis: R =|siny cosy 0

0 0 1
cosd 0 siné
rotation by @ about the y axis: R,=| 0 1 0
—sind 0 cos@
1 0 0
rotation by ¢ about the x axis: R, =|0 cos¢ -—sing
0 sing cos¢
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3D Transformations - Euclidean Transformation
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3D Transformations - Metric Transformation
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3D Transformations - Affine Transformations
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Non Isotropic Scaling
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3D Transformations - Affine Transformations

— N < X

0
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0
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Usual Camera Model: image center & aspect ratios
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3D Transformations - Affine Transformations

21 CZ2 C23
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General Affine Transform
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3D Transformations - Affine Transformations
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General Affine Transformation
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3D Projective Transformations

Transformations of P2 are
very similar to the
transformations of P?2
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3D Projective Transformations - Projective Transformations

X 01 1 012 013 O14 X

y 021 022 023 024 y
—>

/ 031 o32 :)33 :)34 Z

_1_ _041 042 043 1 __1_
General Projective Transformation
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3D Projective Transformations - Projective Transformations

— N < X

a;
0
0
P4

a12

a22

0
Ps,

a13

a23

a33

Pas

R T]

General Projective Transformation
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3D Projective Space - 3D Points

3D point  (X,Y,Z)" in R3
XZ(Xl,Xz,X3,X4)T in P3

;
X =| 2o X2 Xy =(X,Y,Z,1)
X4 X4 X4

projective transformation

X'=HX (4x4-1=15 dof)
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3D Projective Space - Planes
3Dplane w X +mx,Y +m,Z+mw, =0
T, X, +m, X+, X+, X, =0
X =0
Transformation of a plane by point homography H
X'=HX
T=H"n
Duality: points < planes, lines < lines
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3D Projective Space - Planes

a reminder: Euclidean representation

n.X+d=0
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3D Projective Space - Planes from Points

Solve tfromX/n=0,X,t=0and X,;n =0

[~ T
X, X/
X; mw=0 (solveTt as right nullspace of X; )

X! Xy
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3D Projective Space - Planes from Points Il

Implicitly from coplanarity condition det[X X1X2X3] =0

X, Ex; Ex; EX>)
X2 X12 X22 X32
Cx, (x), (%), (), |7
X, (X)) () (X)),

X1D234 - X2D134 + X3D124 o X4D123 =0

T = (D234 ,_D1349 D124 s D123 )T
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3D Projective Space - Planes from Points Il

T = (D234 ,_D1349 D124 s D123 )T

it X, =(X,.1) and X, =(X,,Y,,Z,), we have

Yl
Z, Z
11

= (X, - X)x(X, - X,)

Y2

2

— N <

3

= det

)i

(X, -X;,)x(X, - X,))

T =

B i; (il X iz)
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3D Projective Space - Points from Planes

Solve X fromn, X =0, X =0andm, X =0

T T
T, T,
75; X =(0 (solve Xas right nullspace of n; )
T T
Ty Ty

Representing a plane by its span

X =Mx M:[X1X2X3] n:(a,b,C,d)T

ol
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3D Projective Space - Lines

o Line representation in 3D is awkward:
o lines in 3D have 4 DOF

o thus we would have to represent them
by a 5 element homogeneous vector

o we need other representations

o Presented representations in the lesson:
o Span-Representation
o Plucker Matrices
o Plucker Line Coordinates
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3D Projective Space — Line Representation

o Null-Space and Span Representation

o aline in 3D can be represented as a span of a matrix W consisting
of two points A and B, which are lying on the line

AT
W= {BT} AMA+uB

o the dual representation as the right-null space of the matrix W*
containing two planes P and Q which intersect in the line

. | PT
W = AP+ 1Q
{Q } "

x T
o the two representations are related as follows: W W' =WW" =0

2x2
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3D Projective Space — Lines Representation

o Null-Space and Span Representation

Example: the X-axis

X-axis as span of the points W — 0 0 0 1
(0,0,0) and the X-axis-direction (1,0,0) -

X-axis as right null-space of the matrix of . (00 1 0
the XY-plane (0,0,1) and the XZ-plane
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3D Projective Space

Points, Lines and Planes — Joins and Intersections

o the plane  which is the join of the line W and the point Xis the right
null-space of the matrix M containing W and X.

W
M: XT MTCZO

\\%

o the point X that is the intersection point of the plane m and the line W*
is the right null-space of the matrix M consisting of M W*and 1.

M{W} MX=0

*

W

-
T
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3D Projective Space — Line Representation
o Plucker Matrices

o PlUcker matrix (4x4 skew-symmetric homogeneous matrix)

o For the line joining the points A and B, the Plucker Matrix L is:

|, = AB, ~BA

[L=AB' —BA'
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3D Projective Space — Line Representation
o Plucker Matrices

o Properties of Plicker Matrices:

[ hasrank 2. LW" = 0,.,

4DOF

generalization of 1=xxy

L independent of choice of the line points A and B
Transformation of L: L'= HLH'

aOA®DN~
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3D Projective Space — Line Representation
o Plucker Matrices
Example: the X-axis can be represented as
0] (1] (0 0 0 -1
L=O[1 0 0 o]—o[o 0 0 1]T:O 009
0 0 000 0
1] 0] 100 0
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3D Projective Space — Line Representation
o Plucker Matrices

Dual Pliicker matrix L™ for the intersection line of the planes P and Q
L' =PQ' —QP'

Transformation of the dual Pliicker matrix L*
L' =HTLH"

Correspondence of the Plucker Matrix L and its dual L*

* % * * *

LS
O A e PO P . TP IS Pl P
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3D Projective Space — Line Representation

o Plucker Matrices

Join and incidence

n=L"X (plane through point and line)
['X=0 (pointon line)

X =Ln (intersection point of plane and line)
Lt=0 (linein plane)

[Ll,Lz,...]n =0 (coplanar lines)
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3D Projective Space — Line Representation
o Plucker Line Coordinates

o The Plucker Line Coordinates L are the six non-zero
elements of the Plucker matrix

_ 5
L o |:|129|139|149|237|429|34]E P

o This can be interpretated as a homogeneous 6-vector, thus
an element of 5D Projective Space

o |t can be verified that the following equation holds

|12|34 + |13|42 + |14|23 =0
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3D Projective Space — Line Representation

o PlUcker Line Coordinates
o |t can be verified that the following equation holds:
|12|34 + |13|42 + |14|23 =0

o |t can be shown that a 6-vector only corresponds to a line in
3D-space if the above equation holds.
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3D Projective Space — Line Representation

o Plucker Line Coordinates

o coplanar lines:
o two lines through points A,B and A "B are coplanar if

det[A,B,A,E]: 0
o it can be shown that the formula expands like:

det|A B A Bl= 10, 10 + 10 10, + 100 +1u0, = (10

o this product helps expressing the following relationships...
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3D Projective Space — Line Representation

o Plucker Line Coordinates

o the derived formula can be written as a matrix-vector-product

laS

L1C)=det|A, B A, B]= 1,0, +1580 + 10 + 1k, +10 +1,48,

00 0 0 0 11,
00001 O0fl,
=[||||||'000100|14
23472304234 g 1 0 0 0 |23
01 000 Ofl,
1 0000 Ofl,

o (L|*L) will help us express the following relationships...
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3D Projective Space — Line Representation

o Plucker Line Coordinates

(L | L) =0 (Pliicker internal constraint)

(L | I:)z det[A,B,A, B]: 0  (two lines intersect)

(L | I:)z det[P, Q,f’, Q]z 0 (two lines intersect)

(L I:) ( TAXQ B) ( TAXPTB):O (two lines intersect)

- —
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3D Projective Space - The Plane at Infinity

_—o O O

The plane at infinity 1T is a fixed plane under a
projective transformation H iff H is an affinity

canonical position T, = (O,O,O,l)T

contains directions D=(X,,X,,X,,0)

two planes are parallel < line of intersection in 1T,
line // line (or plane) < point of intersection in 1T,

B wWn =

camp | department of computer science | technische universitat minchen | 21 November 2006

38



chair for computer aided medical procedures I—E] O O
— W A un — -

Summary

o Projective Transformations (2D)
o Transformations of Points and Lines
o Hierararchy of Transformations

o Euclidean

o Similarity

o Affine

o Projective
o 3D Projective Space

o Points

o Planes

o Lines
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Readings for the next Lecture

o Hartley & Zisserman pp.
o 30-32 (Conics)
o 47-64 (Recovery of Properties from Images - Conics)
o 73-85 (Quadrics and Properties)
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