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3D Transformations
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3D Transformations
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3D Transformations - Translation
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3D Transformations - Translation
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3D Transformations - Rotation
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3D Transformations - Rotation

Euler Angles for Rotation R=RzRyRx :

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ −
=

100
0cossin
0sincos

ψψ
ψψ

zRrotation by       about the z axis:

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
=

θθ

θθ

cos0sin
010

sin0cos

yR

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−=

φφ
φφ

cossin0
sincos0
001

xR

ψ

rotation by       about the y axis:θ

rotation by       about the x axis:φ



camp  |  department of computer science  |  technische universität münchen | 21 November 2006 8

chair for computer aided medical procedures    |    wwwnavab.cs.tum.educhair for computer aided medical procedures    |    wwwnavab.cs.tum.edu

3D Transformations - Euclidean Transformation 
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3D Transformations - Metric Transformation 

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
⋅
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

→

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

110
00

00
00

1
333231

232221

131211

z
y
x

T
rrr
rrr
rrr

s
s

s

z
y
x



camp  |  department of computer science  |  technische universität münchen | 21 November 2006 10

chair for computer aided medical procedures    |    wwwnavab.cs.tum.educhair for computer aided medical procedures    |    wwwnavab.cs.tum.edu

3D Transformations - Affine Transformations 
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3D Transformations - Affine Transformations 
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3D Transformations - Affine Transformations 

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

→

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

110001
34333231

24232221

14131211

z
y
x

qqqq
qqqq
qqqq

z
y
x

General Affine Transform



camp  |  department of computer science  |  technische universität münchen | 21 November 2006 13

chair for computer aided medical procedures    |    wwwnavab.cs.tum.educhair for computer aided medical procedures    |    wwwnavab.cs.tum.edu

3D Transformations - Affine Transformations 
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3D Projective Transformations

Transformations of P³ are
very similar to the
transformations of P²
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3D Projective Transformations - Projective Transformations 
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3D Projective Transformations - Projective Transformations 
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3D Projective Space - 3D Points
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3D Projective Space - Planes

0ππππ 4321 =+++ ZYX

0ππππ 44332211 =+++ XXXX

0Xπ =T

Duality: points ↔ planes, lines ↔ lines 

3D plane

XX' H=
ππ' -TH=

Transformation of a plane by point homography H
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3D Projective Space - Planes

0X~.n =+ d

( )T321 π,π,πn =

( )TZYX ,,X~ =

14 =X

d=4π

a reminder: Euclidean representation

n/d
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3D Projective Space - Planes from Points
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3D Projective Space - Planes from Points II
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3D Projective Space - Planes from Points II
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3D Projective Space - Points from Planes
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Representing a plane by its span



camp  |  department of computer science  |  technische universität münchen | 21 November 2006 24

chair for computer aided medical procedures    |    wwwnavab.cs.tum.educhair for computer aided medical procedures    |    wwwnavab.cs.tum.edu

3D Projective Space - Lines

Line representation in 3D is awkward:
lines in 3D have 4 DOF
thus we would have to represent them
by a 5 element homogeneous vector
we need other representations

Presented representations in the lesson:
Span-Representation
Plücker Matrices
Plücker Line Coordinates

(4dof)
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3D Projective Space – Line Representation
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22
** 0WWWW ×==
TT

Null-Space and Span Representation

a line in 3D can be represented as a span of a matrix W consisting
of two points A and B, which are lying on the line

the dual representation as the right-null space of the matrix W* 
containing two planes P and Q which intersect in the line

the two representations are related as follows: 
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3D Projective Space – Lines Representation

Null-Space and Span Representation
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Example: the X-axis

X-axis as span of the points
(0,0,0) and the X-axis-direction (1,0,0)

X-axis as right null-space of the matrix of 
the XY-plane (0,0,1) and the XZ-plane
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3D Projective Space
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M 0π =M
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M 0X =M

W
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πX

the point X that is the intersection point of the plane π and the line W*
is the right null-space of the matrix M consisting of M W* and π .

π

the plane π which is the join of the line W and the point X is the right 
null-space of the matrix M containing W and X.

Points, Lines and Planes – Joins and Intersections
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3D Projective Space – Line Representation

jijiij ABBAl −=

TT BAABL −=

Plücker Matrices

Plücker matrix (4x4 skew-symmetric homogeneous matrix)

For the line joining the points A and B, the Plücker Matrix L is:
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3D Projective Space – Line Representation

Plücker Matrices

Properties of Plücker Matrices:

1. L has rank 2:
2. 4DOF
3. generalization of
4. L independent of choice of the line points A and B
5. Transformation of L: 

24
* 0LW ×=
T

yxl ×=

THLHL'=
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3D Projective Space – Line Representation
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Example: the X-axis can be represented as

Plücker Matrices
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TT QPPQL* −=

Dual Plücker matrix L* for the intersection line of the planes P and Q

-1TLHHL -'* =

*
12

*
13

*
14

*
23

*
42

*
34344223141312 :::::::::: llllllllllll =

Correspondence of the Plücker Matrix L  and its dual L* 

3D Projective Space – Line Representation

Plücker Matrices

Transformation of the dual Plücker matrix L*
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XLπ *=

LπX =

Join and incidence

0XL* =

(plane through point and line)

(point on line)

(intersection point of plane and line)

(line in plane)0Lπ =

[ ] 0π,L,L 21 =K (coplanar lines)

3D Projective Space – Line Representation

Plücker Matrices
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0231442133412 =++ llllll

3D Projective Space – Line Representation

Plücker Line Coordinates

The Plücker Line Coordinates L are the six non-zero
elements of the Plücker matrix

This can be interpretated as a homogeneous 6-vector, thus
an element of 5D Projective Space

It can be verified that the following equation holds

[ ] 5
344223141312 ,,,,, P∈= llllllL
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3D Projective Space – Line Representation

Plücker Line Coordinates

It can be verified that the following equation holds:

It can be shown that a 6-vector only corresponds to a line in 
3D-space if the above equation holds.

0231442133412 =++ llllll
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3D Projective Space – Line Representation

Plücker Line Coordinates

coplanar lines:
two lines through points A,B and Â,^B are coplanar if

it can be shown that the formula expands like:

this product helps expressing the following relationships...

[ ] ( )LL ˆ|ˆˆˆˆˆˆB̂,ÂB,A,det 123413421423231442133412 =+++++= llllllllllll

[ ] 0B̂,ÂB,A,det =
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Plücker Line Coordinates

the derived formula can be written as a matrix-vector-product

(L|^L) will help us express the following relationships...

( ) [ ] 123413421423231442133412
ˆˆˆˆˆˆB̂,ÂB,A,detˆ| llllllllllll +++++==LL

3D Projective Space – Line Representation
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( ) [ ] 0B̂,ÂB,A,detˆ| ==LL

( ) 0| =LL

( ) [ ] 0Q̂,P̂Q,P,detˆ| ==LL

( ) ( )( ) ( )( ) 0BPAQBQAPˆ| =−= TTTTLL

(Plücker internal constraint)

(two lines intersect)

(two lines intersect)

(two lines intersect)

3D Projective Space – Line Representation

Plücker Line Coordinates
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3D Projective Space - The Plane at Infinity

∞

−

∞
−

∞ =
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⎟
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⎜
⎜
⎜

⎝

⎛

⎥
⎦

⎤
⎢
⎣

⎡

−
==′ π

1
0
0
0

1t)(
0

ππ T

T
T

A
A

H A

The plane at infinity π∞ is a fixed plane under a 
projective transformation H iff H is an affinity

1. canonical position
2. contains directions 
3. two planes are parallel ⇔ line of intersection in π∞
4. line // line (or plane) ⇔ point of intersection in π∞

( )T1,0,0,0π =∞
( )T0,,,D 321 XXX=
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Summary

Projective Transformations (2D)
Transformations of Points and Lines
Hierararchy of Transformations

Euclidean
Similarity
Affine
Projective

3D Projective Space
Points
Planes
Lines
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Readings for the next Lecture

Hartley & Zisserman pp. 
30-32 (Conics)
47-64 (Recovery of Properties from Images - Conics)
73-85 (Quadrics and Properties)
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