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Reasons for Deformable Registration

N ND

A Patients movdalignment of temporal series)

A Patients changépre- / post-treatment images)
A Patients differ(creation of atlases)

Animated images from the webpage of
The PORModel, a Pointvalidated Pixelbased Breathing Thorax Model

http://www.creatis.insa-lyon.fr/rio/popi -model
See also:

Vandemeulebroucke, J., Sarrut, D. and Clarysseh&OPimodel, a poirtvalidated pixebased breathing thorax model.
In XVth International Conference on the Use of Computers in Radiation TherapyZ00ZR)
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Deformable Registration

Computing a no#linear spatial transformation between
correspondingstructures in two images

Intensity-based registration: _ _ N
Minimize a difference term, based on the (gseocessed) image intensities.

Nofeature-based registration:
A extraction of distinct, sparsely located features
A matching of extracted features
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Deformable Registration: General Framewo

@

\ update transformation

warp source image /T “““

._Transformation )
. TTT T I
e S e — A
Source_m
Optimization

‘ Energy Mode(E) ‘ ‘ Tranafgcrjrglanon ‘

‘ Difference Measur¢k,) ‘

Regularization Terky) ‘
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Formalization of Deformable Registration as a
Minimization Problem

Images (target; sourcely):

[:Q =R Imagedomain Q C R? ., d=2,3

Warped Sourcémage

' = argmin
uEI%I

Displacements are
elements of a Hilbert
space H, e.gu € L?

Please note:
| Highly heterogeneousl
notation in the field l

h____

Lo |
Ep(Ir . Is(¢)) + AEg(u)

Deformation: ¢ =Id+u ., ¢:Q —R?
or pointwise: ¢(z) = = + u(x)

Displacement T
: d S S R
w:—R B o

e.g. u = [u,, Uy, u.]

difference between original position| =~ irre e VUi

a point x and its transformation(x) I I I I
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Why do we need Regularization?
Since minimizing the difference measure is not enough...

A Motivation for regularization:

A Necessity:
Minimization of difference measure only can be

ll-posed ( #measurements < #unknowns ) ]

OhLIWWAOFIf Cf 2 4SOAUYNEY A N § (¢
A Modeling:

Regularization can be used to include prior knowledge,

for example about underlying tissue properties

A Practical Reasons:
Without regularization: High number of local minima in
the energy function4 bad for optimization



Reqularization Strategies

/ .
o = argmin FEp(Ir, Is(Id+u)) 4+ A Er(u)
uweH
3 )
Restricting the space of deformations to a Adding a regularization term to the energy
subspace with certain regularity properties: formulation, e.g.:

Diffusion Regularization
Curvature Regularization
Bending Energy

Linear Elasticity

Volume Preservation

A Parametrization reducing the number of
degrees of freedom
(e.g. FFDBplines)

A Assumption of function spaces which ar
more restricted than €.
A Sobolev spaces

\V

To Do Do o I
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Transfow/

Target Image

9/24/2010

Regularization Strategies

Optimization

Energy Model

Transformation
Model

1

Difference Measure Regularization Terml \

\

MO W/ VariatdralApproach:
Adding a regularization term to the energy

2. Parametrization byower DOF
transformation models

3. Treatment in more regular spaces
(Sobolev spaces)

4. Demons Approaches
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Outline of this Talk

(structured by different regularization strategies of the approaches)

APartlca/ tFaaArO0a = NAFGAZ2Y It 1 LILINE
Minimization of energy with a regularization term, isbace

A Part Ilc Parametric Models
Transformation Model: Restricting the space of deformations

I Lower DOF transformation modeds Parametrization

A Part llic Sobolev Spaces
Transformation Model: Restricting the space of deformations

I Different choice of underlying function spade Sobolev spaces

A Part IVc Demons Approaches
Efficient forces and regularization by a smooth strategy

A Part V¢ Further Points



THIS PRESENTAT

IS A POSTI



a/ ftFaairoa ==F NRI G
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Outline

A Energy: formulation and properties

A Gradientbased optimization schemes



Classic Variational Approach

A Treatment of transformation in2L
A Explicit definition of regulariztion term in model

v = argmin Ep(Ir, Is(Id+u)) + A Er(u)

wel.?

Nonlinear withrespect b the displacement beacuse of the dependence on
the image function

High-dimensional problem: e.g. 3 x 256 50 331 648
Numerous local minima

Thisline of work started with[Broit 1981], [Bajcsyand Broit 1982
Details e.g. in [Modersitzki 2004]

oo T To o
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Examplary Model Problem

E(u) = Ep(Ir, [s(v)) + AER(u)

A Difference Measure: Sum of Square Differences (SSD)

1

Bo = 5 | (Ir(a) ~ Is(e(@)* do

2

A Regularization Term: Diffusion Regularization
(a.k.a. Tikhonov regularization, 1st order regularization)

Br(u) = 5 [ 3 [V uate) s

1
g Bnlw) = 3 [ [Vu.(a)|F+ | Vay (o)do

A Nonlinear Leastsquares Energy



General Energy Formulation
E(u) = Ep(Ir. Is(¢)) + AER(u)

E(u) = / pp(|ep(u)|) daz—|—)\/ pr(ler(u)|) duo
A Energy is defined by |
i an error term based on the displacemele(u)

I penalty function applied to the error termp
A assures that the error terms are positive
A weights the error term

Example®f penalty functions

2

p(x) =2 A results in application of the2lnorm

p(z) = |z| A results in application of thellnorm
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General Energy Formulation

E(u) = /g;pp( BD:T(‘U) ) daz—l—)\/Q pr(ler(u) ) do

Depends on deformation through images A In many cases, the error term for the
— regularization is linear in the displacement
€D (’u,) =D ([T’ [s o (Id - u)) A Linear operator is mostly a differential operator
A Nontlinearity (e.9.GH,GD, ...)

Source image
(A warped source image
Non-Linearity:change of intensit _
in one point does not depend

Displacement Difference measure

linearly on the displacement

Computation of
Displacement Displacement Derivative - Regularization term
(Linear Operation)

9/24/2010 MICCAI 2010 Tutorial: Intensibased Deformable Registration 16



The NonLinear Least Squares Framework (use obkm)

The energy is a squarec

J L2 norm of a no#inear
1 1 error term.
2 .
B(w) = 5 [ e(w)? = S{e(w).ew) witn ¢ = [ep, VEea]
Q
A Often, the regularization error term is
1 1 linear in the displacement:
= —(eplu),eplu)) + \— eplu), eplu A G is mostly a differential operator, e.g.
2< ( )’ ( )> 2< ( )’ ( )> A Diffusion: GB
A CurvatureG=D
1 1 A Exceptions: e.g. Volume preservation
= 5 (eD(u), €D (U)> + )\5 <Gu, GU) (sincebased on det(J(u)))
N
1 1 Introduces noHinearity through dependence

— 2<6D(u), ep(u)) + Azfu, G*G u) on images

Nice form for taking the derivative

Notes:

A Focus oniin this talk since: popular choice, simptiarivatives

A Example for Lregularization, see e.gPock 2007]

A NLLSQ framewonequiredonly for NLLSQ methods (GN,LM)

A Non leastsquares energies can bevitten to fit into a NLLSQ frameworkdwever, this

makes the error term notlinear)
cf. e.g. [Appendix 6.8, Hartley adtssermah
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Optimization
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Iterative Optimization

u' = arg min F(u)

u

L

A Start with an initial estimate Ju
A Estimate a series of updateg, h.. , i such that

’U,/%’U,O—I—hl—F—th

.
do repeat:

h = compute_update(E, ] );
j =j +h;
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How to determine the updatesh
A different optimization schmes

I Gradientbased optimization

h = —7 some_function (VE(U))

I Gradientfree optimization

h = Some_other_function(ED, ER, u)

Aaz2zNB AY .Sywa aFrt1 GKA&a | Fi
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Different Gradient Descent Schemes

1. Steepest Gradient Descent
2. PDE Inspired (PDE=partial differential equation)

3. Preconditioned Gradient Descent
(also known as Quasiewton Methods)
A generalizes 1. and 2.



Optimization by Gradient Descent

Steepest Gradient Descent:
Starting with initial/ ,, repeat until convergence:

h — —T VE (90) /I compute update based on gradient of energy

QO — QO —|— h Il apply the update

Generalized Formulation as Preconditioned Gradient Descent / QiNssivton:

Conditions on P:
A P is a linear operator
A P is symmetric positive definite

Different Choice of Different Optimization
Scheme

MICCAI 2010 Tutorial: Intensibased Deformable Registration
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Overview of Gradient Descent Based
Optimization Methods

Method Update Rule Comment

+ Simple implementation

Steepest Descent h=—71d"" VE(u) + Only gradient required

¢ Numerical issuesequires small time
stepsA many iterations needed

PDE . . d + Numerically stable also for large time steps
INspire -1 + Linear operator determined by regularization
P h=—7 (Id +7AVER) " VE(u) P Y 69

Semiimplicit Discretization A difference measure easily exchangable
Poor convergence speed

Numarically stable also for large time steps
Good convergence speed

Linear operator depends on both,

the regularizatiorandthe difference term
Applicable only to leasiquares problems

J, must be sparse for efficient treatment

GaulNewton h=—7 (JIJ.)"" VE(u)

NN N+ + N

Most general formulation of the
h=—7 P11 VE (u) above. Properties depend heavily on

Preconditioned choice of P,

Gradient Descent| with P approximating the Hessian of E, e.9.: |aCAyRAYy3 + 322 R LINE

A Jacobi preconditioning GASHESR +a | O2Yo0Ayl
A BEGS Y. Saad, Iterative Methods for Sparse Linear Systems
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1. Steepest Gradient Descent

A Energy: E(u) = Ep(Ir, Is(p)) + AER(u)

Starting with initial/ ,, repeat until convergence:

= -7 VE(p)

p=p+h

/I compute update based on gradient of energy

Il apply the update

Only the derivative of the energy w.r.t the displacement is required:
VE(p) = VEp(p) + A\VER(p)

A derivative of difference measure
A derivative of regularization term
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EXAMPLE: Steepest Gradient Descerg=1d+u
Derivative of the Difference Measure

General formulation of the derivative of the difference measure:

OEp(Ir, Is(p)) _ 9Ep(r Is(p))  Ils(y)
ou \ dls(p) } dp

W(lr Is(¢))  (VIs)(@) 1d

Pointwise evaluation atix Wpoint-wise rescacling of the warped gradient of

OEp(Ir, Is(p)) (z) = W([T’ [3(9@))(;17) (V[s)(ﬁp(ilﬁ)l

NG

ou 5 ~—
g eR cRd

A

cRd

For theSum of Squared Differencesve get

Bp = 5 [(In(o)~Is(o(w)Pde mmy Z22 = (17— I5(0)) VIs()

Q
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EXAMPLE: Steepest Gradient Descent
Derivative of the Regularization Term

General formulation of the derivative for a regularization term with a quadratic f(lu

A General regularization term: Er(u) = / pr( er(u) ) dz
A Assume: R 2

I Squared L2 norm:

oy 1 2 L , 1
En(u) = E/QG(LL) = e(u).e(w) > Ep(u) = §(u, GG
I Error termis linear in u:
(er(u),er(u)) = (Gu, Gu) = {u,G"G @

dER(”LL)
du

A Then, the derivative reads: = G*Gu

Fordiffusion regularization we get:

d
— 1 2 dER(U’) . % .
Er(u) = 5/0 ;: | Vug(x)||"dz ‘ P V*Vu=—-Au
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1. Steepest Gradient DescenSummary

A Energy: E(u) = Ep(Ir, Is(p)) + AER(u)

Starting with initialf ,, repeat until convergence:
h=—7 VE(p;)
—— (VED(%) + /\VER(%))
= —7 (=(Ir — Is(g:) VIs(p) — AAu;)
i1 = @i+ h



2. PDE Inspired Gradient Flows

Reformulation as

Atime dependent process and computation of the steady state,
|

arg min £ (u) = arg min tlimf E(u(t))
u u —1n

Awith the change of the displacementupdates) opposing the energy gradien
ou OF

ot Ou

A Partial differential Equation (PDE)
(nonHlinear, time independent problem, linear, time dependent problem)

Discretiztion of time (tim4 iterations):
A Explicit time discretization (=steepest gradient descent)
A Semiimplicit time discretization



2. PDE Inspired Gradient Flows

A Energy: E(u) = Ep(Ir,Is(¢)) + AEg(u)

. . du_OE - OE
A Gradient Flow:—— = —— Notatior: ;. —u, , VE := —
2.1.Explicit time discretization —
Uy — Uy = re?:l%l:saf[gza o
o = VEp (ut) + )\VER(M irregularities of
T displacement
ival - — f |
e 1 b= —7(VEp(u) + AVER(w))  lishiease
descent h = —T1 VE(ut) Regularization
assures
- c e . . . regularity of
2.2 Semiimplicit time discretization displacement in
ut—|—‘7‘ — ut Y next step
— - = VEp(uw) + AVER(uy-)

h=—7(Id + 7AVER)  (VEp(u,) + \VER(u,))
= —7 (Id + TAVER) " VE(u;)
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PDE Inspired Gradient Flows

2. 1 Explicit time discretization:

h=—|1

(VED(ut) -+ )\VER(ut))

A many iterations required

Numerically stable only for small time ste;’>s

Simple computation, only gradient of energy required

2.2 Semiimplicit time discretization:

h=—7 (Id+ T)\VER)_l VE (uy)

Py A No numerical restriction on time step

\ A Note: settingdependent step size limit exists!

h=—|T1 VE(ut)

A Solution of linear system required

9/24/2010 MICCAI 2010 Tutorial: Intensibased Deformable Registration
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A Underlying assumption: regularizer is a quadratic form
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EXAMPLE:
Semimplicit time discretization of gradient flow

General Sendimplicit Flow: h = —7 (Id + ’T)\VER)_l (VEp(us) — AVER(uy))

1

ASSD: Ep= §/Q(IT(95) —Is(p(x)*der = VEp(u)=—UIr — Is(9)) VIs(p)

d
A Diffusion Reg.: Fp = %/ Z |Vug(z)|?dz = VEg(u)=-Au = VEp=-A
Q]

.

Semilmplicit Flow for SSD and Diffusion Regularization:

h=—r(Id—7AA)! (—(]T — Is(9))VIs(p) — M )

9/24/2010 MICCAI 2010 Tutorial: Intensibased Deformable Registration

32



EXAMPLE:
Semimplicit time discretization of gradient flow

Semilmplicit Flow for SSD and Diffusion Regularization:

h=—7(Id—TAA)™ (—([T ~ Is(0)VIs(0) — AAw )

One possible way of computiring solving the corresponding linear system:

(Id — T)\A) h = =T (—(Ir — Is(p))VIs(p) — ANAu )

I T
v ¥

Ah = f Side note: -
Structure of ldt | :D The linear operatoA couples
] ] the dimensions oh ldt | Dh,| =
dt | D h, f, A single dimensions can be [ | ||

solved for independently. _ _

This is not the case in generglldt | [Ddhy| =
e.g it does not hold for Lineat || ||
] ] Elasticity regularization, or — —
ldt | D |n, f, GaulsNewton optimzation for dt | Dh,| =

Diffusion regularization.
...... _1 . 1+a I | _— L —

—h

' dt | D h
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An alternative way of solving for
| 2y @2t dziA2YyY 6AGK O2NJ

(proposed for registration in [Brblielsen and Gramkow 1996]))

AWithKo SAYy 3 (KS DNP®edgeta Cdzy (

h=—7 P 'VE
— —7 K *xVE

A DNB Sy VYa Kddape@torP gefined by:
PK(x,s) =0(x —s) mmp Pu=f=u=Kxf

Al 2YLdzal A2y 2F DNBSywa TFdzyOui.
I Analysis of the eigenfunctions of the operator A
i Simple approximative approach: soldiscretizedsystem PK = 0



DNBSYWa Cdzy QU A2Y

A Fordiffusion regularization: ER=/Z||Vud(:£)H2dx
€y

the update rule resulting from seAmplicit discretization reads
h=—71(ld=7AA)'VE




GaulsNewton Optimization (GN)

GaulsNewton Optimization:

GN computes the updatein every iteration, by
computing the critical point of a quadratic
function, based on the linearization of the error
termeby I(h) = e(u) + J.(u)h

1
For F = —

2 <€7 6)
we get 1

h = argmin S((W). 1(h)~_ -,
resulting in )
h=—(J 1) VE(u)

~ <

Application to SSD + Diffusion Reg.:

1
F = 5(6, e)

ep = [t — Is(y)]
) [p = Ir—Is(p) — V[S(cp)Th

eR = \/X[Vuw, Vu, == [gr=-cr

4 L

J'J. = Vis(o)VIs(@)' — AA

with |’

e = lep, er

GaulRNewton update step for SSD and Diffusion Regularization:

b= —r(VIs()VIs(e)T = AA) " (~(Ir — Is(9))Vs(g) — Au )

9/24/2010
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EXAMPLE3aulsNewton Optimization

h = —T(VIS(QO)VIS(QO)T _ )\A)_l (—([T — Is(9))VIs(gr) — Mu )
N
(VIS(@VJS(@)T _ )\A) ho= —r (—(IT — Is(0))VIs(p) — M )

T | J \ J

<
)
<
'~

Alh =
|
( \ |
( Y — Side notes:
VI VI |\ IE Y | vt vz D h, f A The linear operatoA
|| || couples the
, Y — dimensions oh
VISYSIVEVEIVEY T P Yo=Y A The linear operatoA
] ] is sparse
VI VI |VIL VI | VI VG D h, f,
s J o
____________ e e e mmm e — e m e mm———— 4,
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Intuition about the Difference In the

Behavior of the Differer

A Steepest Descent vs. Preconc

GaussNewton
Semiimplicit gradient descent

40
time [sec]

t Methods

itioned Descent

Difference in convergence speed Structure of update  Structure of update

ﬁ for semtimplicit

for Gausd\ewton



The Pitfall of Premature Convergence

0018 ...................... e . 13_ : - B .
— generalized Sobolev flow generalized Sobolev flow|
0.016 semi-implicit L flow 12 semi-implicit L flow
0.014 11k
E 0~012 B ....... e .- . e ,E, I
5 : : : £ 1
g oot} 5
£ 3 09f
=
-ié 0.008 S §
= o 081
0.006 : : 5
w =
0.004 R TR 0.7y
0.002} , , L ' ' , 06}
\'_\
0 1 1 1 1 1 1 J 05 i i i i 1 i i i
0 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80
time [sec] time [sec]
a) Decrease of Difference Measure b) Decrease of Error

Blue seems to converge much faster than red.
Note: log of update magnitude exhibits similar behavior.
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SUMMARY: Overview of Gradient
Descent Based Optimization Methods

Method Update Rule Comment

+ Simple implementation

Steepest Descent h=—71d"" VE(u) + Only gradient required

¢ Numerical instablerequires small time
stepsA many iterations needed

PDE . . d + Numerically stable also for large time steps
INspire —1 + Linear operator determined by regularization
P h=—7 (Id +7AVER) " VE(u) P Y 69

Semiimplicit Discretization A difference measure easily exchangable
Poor convergence speed

Numarically stable also for large time steps
Good convergence speed

Linear operator depends on both,

the regularizatiorandthe difference term
Applicable only to leasiquares problems

J, must be sparse for efficient treatment

GaulRNewton h=—7 (JIJ.)"" VE(u)

NN N+ + N

4 Most general formulation of the
h=—1 P VE(u) above. Properties depend heavily op

. choice of P.
Preconditioned With P approximating the Hessian of E, e.g.: |

Gradient Descent| A Jjacobi preconditioning GCAYRAY3 F 3F22R LINBC
A BFGS, c.f. [Modersitzki 2009] ?é\ %? SR y |'h il f |'S OL_2 Yg Ay
A For def. Registration: [Zikic 2010 MICCAI] | ¥ 5% eratve Mefods for Sparse Linear Systems
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Some Further Points



Equilibrium of Forces at Convergence

h=—7 P~ VE(p)
= —7 P7' (VEp(¢) + A\VER(¢))

Y

o =@+h PE=0 - h=0

Procedure converges when updates vanish,
that is at equilibrium of gradients of the difference measur
and the regularization term

VEp(p) =—=AVEg(p)

Until convergence, the gradient of the difference measure dominat

IVED(@)|| > [[A\V Er(¢)|



Simulation Point of View

e.g. in [Broitl981], [Bajcsynd Broit 1982]

A For PDEnsipred approach (senimplicit discretization):

Displacement Model Force
= Reaction of the [~ oftheunderlying [ ]
Model to the Force object/patient
—1
Upyr = (Id + T)\VER) (—TVED (Ut))

f
A Other implementations of the Model are possible:

I SpringMass model

I Finite Element Model (equivalent to FE discretization of the linear operatol
A Other forces possible:

I Distances between landmarks
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Elastic and Fluid
Registration Types

A Fluid registration[Christensen 1994]

MOTIVATION:
achieve LARGE deformations

IDEA:
use no conservation of energy

A Simulation of a fluid acting under forces
A regularization of velocities

Modern view:
fluid-type registration = regularization of updates

A Challenge to maintain the regular deformation
without foldings

A No transport of deformation in homogeneous reg

( UPDATES = change of displacement = VELOC] .

It Elastic

A

] RN -
aNS———

d¢AYS

LINE 3 NB &
IONBNX I GA2Y | LIJ

f—hm(
>



Update Modes: “

Additional and Compositional o
w/ KSTRYK20St Hnnu8w{iSTFlIy$a0Odz

—

+ S NI

E—

Source Image with gradient

AppllCthn of updateS: (images from [Stefanescu 2004

A Additional Mode: ;11 = ©; + h

# VEp(p) =wVisop=w-(Vig)op

G2 NLWAY3I 2F AYIF3IS 3IANFRAS

A Compositional Mode:p; 1 = ¢; o (Id 4+ h)
- VED(C,O) — WV(]SOQO)

GDN RASY (O 2F 61 NLISR AY!l 3¢
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Connection to Optical Flow

OPTICAL FLOW: Computation ofulsghle motion*between
corresponding structures in two input images
*visible motion = projection of the actual 3D motion of visible structures into the image plane

A Basically a motion estimation problem
oahLJu)\OI f Ctzga AQ | LJNE f SY

For overview of current methods and evaluation, see Middlebury Flow Data Ba
http://vision.middlebury.edu/flow/eval/results/resultee1l.php
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Connection to Optical Flow

Differences between Optical Flow and Medical Image Registratior

A Input data:
optical images, no real muitnodality
(only shadows / changes in lighting)

A less work on difference measures

A Discontinuities in displacement fields:
A anisotropic regularization, use of robust norms (ely. L

Horn andSchunclOptical Flow Method
[B.K.P. Horn and B.SchunckDetermining opticah 2.4 NJIi Alttedigehce, 1981.]

The incremental Horn and Schunck method

optimization of a noHinear energy (SSD+Diffusion)
by the Gausfewton (GN) method.
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SUMMARY

A Energy: formulation and properties

A Gradientbased optimization schemes
A variations of preconditioned gradient descen

A Solving the Linear system:
ia{dFyRIFINR¢ a2t dSNB
I Green's function

A Registration types: Elastic and Fluid

A Update modes: Additional and Compositional



BREAK



Outline of this Talk

A Partica/ €t aaAroa = NAFGA2YyFf | LIWNR2I OK
Minimization of Energy which includes a regularization term in L2 space

A Part llc Parametric Models
Transformation Model: Restricting the space of deformations
i Lower DOF transformation modedsd LI NI YSUONRT I GA 2y a

A Part Illc Sobolev Spaces
Transformation Model: Restricting the space of deformations
i Different choice od underlying spaéeSobolev spaces

A Part IV¢ Demons Approaches
Regularization by pair and smooth strategy

A Part V¢ Discussion: Connections Between the Different Approaches and Further Points

I Elastic vs. Fluilype Regularization

I Solving the Linear Systems
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Changing the space in which the
optimization Is performed

A Same energy is minimized

A Regularity induced by construction
(continuous analogon to parametrization)
A explicit regularization term no longer necessary

A Different local minima

A Different minimization paths (a.k.a. gradient flows)



PART I

Parametrizationby Linear Models



Regularization Strategies

Transfow/

Optimization
Transformation
Energy Model Model
\
\
Difference Measure Regularization Terml L\
\

MO W/ VariatdrialApproach
Adding a regularization term to energy

3. Treatment in more regular spaces
(Sobolev spaces)

4. Demons Approaches
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Outline

A Parametrization by linear models

A Examples of parametric methods
I Freeform Deformation BSplines (FFD-8plines)

I Trigonometric Functions
(Discrete Fourier/Cosine Transformation Bases)

I Radial Basis Functions (RBF)
A Gradient descent on linear models



The ldea

up(x) = ) prBi(z)

PN

. d
Parameters: p, € R Basis functions:Bx : {2 — R

T rrrrrrTr T T T T

———_

P1 P2 P3 P4 Ps
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The ldea

2 —- R

.
.

Basis functions:B}

> piBr()
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/////ylru\vL.r\\‘HH * /A N NN T
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RecapParametrizatiorby Linear Models

d
. €RY B .o SR

A Parametrizatior(linear model): l /

9/24/2010

up(w) = > ppBi(x)

u=D57p
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Characterization of Linear Parametrization
Basis Type Shapeof B W a

A Same shape of &, W & N
BWYa | Nb UN»yaBt | uSR @GSNAAZ

I Freeform deformation (FFD)-Bplines

A Different shape oB, W &
I Fourier/Cosine Bases

= x XXX
B WN =0

ST

I RBFs with different parameters
(e.g. Gaussians with different variance)

I{/’\\

\
Y,
\¥
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Characterization of Linear Parametrization
Basis Type Supportof B, a

A Global Support

I Fourier/Cosine Bases e o o o e

I Radial basis functions RBFs
(e.g. Thimplate Splines (TPS)) /\

I Gaussians (in theory)

A Compact Support
I B-Splines
I Some RBFs /\

I Gaussians (in practice)
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Characterization of Linear Parametrization

Basis Type Localizelltionof BWYa

global

localized

(no localization)

Trigonometric bases (Fourier/Sine/Cosine bases)

: irregular
regular grid J

sampling points ==

Adaptive bases, Thiplate Splines (TPS

~—

Nonparametric Approaches: control grid = image grid

.8,

.

e

Freeform Deformations (FFD|)
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Parametrizationby Linear Models
Some Examples of Parametrizations



ZpkBk(ﬂf)

Up ()

B-SplineFreeform Deformations (FFDs)

= = e
1 g
1
L S Y PO
8 /i/r,,..lv\\:_:_ 7T U
e e S A I K A ...I,////
.|\\_,/llt\\\“__:_/‘,\axxp\_;M
2 AN [OP R
LRSS 7,7 N NN =, /2
NN A T
TOANNNNNSTTIT IR NN Rt
SNNNNS=TTT 1.4\ N NSNS
.\“////lu.fllwiﬂtl.hulﬂl.._.rll}}rr e~ |
s . \\\-\N ////—/////,,,/
iR 7/ VAVAV I I ANANAN-SNAR Y
ait SESSGRMIRY VIR R EENSL NNy
Lo TR R RN NN
- LN LL LA \J«

| NP T Ny e -
N~ - 1 AR Y du 74
..... R N s Y
\\\\\\\\\\\\\\\ I ety P,

S L e (e
\\ \_— 1, l\\\\ll- 1
{ IRAVE/ IR I N PP e s .|r/N<

N R N O Rt - SININE
Na /A T Il AT T T
D /r\mxwmmm;\ -2 ,,,,
N \—\\ ) NN~ /_ ]

N
(=]

with B being a tensor product of
corresponding dimensional BSplines
Compact, depending on degree of
B-Spline and image and grid resolution

Cubic BSplinesB, (x) = B( x-c,)
Regular grid of control points

[Rueckertet al. 1998]

9/24/2010

A Location:
A Support:

A Type:
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= ZpkBk(CC

Trigonometric Baseg Fourier and Cosine Transform

A Type:
B, are a set of orthogonal bases,
based on trigonometric functions:
I Discrete Fourier Transform (DFT)
I Discrete Cosine Transform (DCT)

b

LI L

Ll Ll

- .
Bis

A - ety = B a lad lani
Location: TERRAR T T
. A N R S AN ) |
TN B B B
. ~—— L iYLy L0,
lobal oo e 3 5 10
global, H;:‘,::tit:::::::}:}M “Ml\‘\i,l
not localized| & iR — . FEmwia
R LA NNl |
TR SN
R !
\\\\\\\\\\\\\\txwk»V—A~~-.‘I
NN I NN
AN I NN et - . .
NNAN VYNNI n i
lf??&\\\w\\\ii\‘:’///// pioal - - 1
. [ PSR SN\ gt AR REERE] |
upport. SNy B B
Y \ -— -
{;‘,.\,Hm\\\ii\::fuﬁ (R 7 11
,,,,,,,,,,, NN R |
global NN
e — E E
-

[Amit 1994], [ Ashburner and Friston 1999]
[Christensen and Johnson 2001]

9/24/2010 MICCAI 2010 Tutorial: Intensibased Deformable Registration 63



Radial Basis Functions (RBF) '

A Type:
any RBF (value function of distarfoem
control poing, e.g.

A &! RI LIO A @Bhdeetad25@BE

) _
Bk ([13) == [max(l - T, 0)] (37’3 —|—2 ?"2 —|— 67" —|— 4) -1 -1 Image from [Rohdet al.2003]
with r = ||z — ¢ J—
el y S SRy
, TS YR S P e MEY/
A Gaussian /.;\«’\\’\\\\\\’\\4.‘r:::::::)ch’;;;;,,if\;;
. . £ ONNNNNNS Dt N e U
A Thinplate Splines (TPS) NN SRR ot V)
I “\1\‘,,,,‘»?;!”13/ TR
\ kR Y 2 A \ \l‘l‘ N
| IR IR ) 4 \\\z l&{l\\\‘ N
PR (NI EE 4ERRNY N wwl
A Location: A N N
. PN 4o s TS mm o o Tl
sparsejrregular: Rl 7 B RN SN \
arbitrary location of control points A (f(“\ﬁ’gg'q:_g;‘%\g:ﬁ::::::: R \
. NN PR .
A no regular grid .' ﬁi%iiimiii‘ﬁit‘”/;; TR
\\-‘__, .t
\ ’,‘.??Q?E‘S\}HSQ&Q:::;%%/“5\ ;'// H
\ ;;,i‘\\\ix\m\{v@t:::;wd\@,:/ /
A Support: R S I
S NS NN s A
A InRohdeet al. 2003:compact WIS, T T s
A For TPS: global e
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Parametrizationby Linear Models
Optimization by Gradient Descent

Gt N22SO0A2yY 2F RSyYyAasS dzLRI O S



Structure of the Difference Measure Gradient

d
p=I1d+DBp =P d—;i = DB

Vectorization of the involved entities: )
- P I
ED — IS — ('0 p— = p —
-0y Py
dEp(Is(e(p) _  [dEp dls dy
I — I
vr-4 B/B|B|B
Volip = 1, I .
Dense Derivativg VEp = “W.VIg”

V
Projection of dense derivative into parameter spabg VpEp,= (VEp, B;)
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Side NoteA Parallel to the Classic Variational Appro:

Vectorization of the involved entities: 7 -

- Px -U o
B Spy —uy

dEp(Is(e(p) _ dEp dIs dy

I[ = I T
1
1
N g ) 1
I

A The classic variational approach can be seen as parameterize3 = Id
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Visualization of Projection into Parameter Space

lllustration of V,£ = VE 8_90
dp
Bl
C, C, Cs
VE AL P s N T
\ ]
> VE(z) Bi(x)

VGE=|(VE Bi) , (VE B.) , (VE By) |

Side note regarding intuition: If the B& K| @S G KS ®JEdasbe efért aslskind of & S y
GIASYSNIftAI SR RAPEMMBR S O2y g2t dziAzya 27
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In the above we concentrated on the
difference term...

A However, in the same way, we yield for the regularization
(by applying the chain rule)

VPERi — <VER, B@>

A While this is formally correct, there are some interesting
aspects of parametrizatiow.r.t. regularization, which are
not revealed by this formulation



Derivative of Regularization Term

Bn(p) = 3 {en(u(p). enlu(p)) Eauvarence t

1 . a previous derivation
= 5(Gu(p). Gu(p))

= %(GBp; G Bp) %

= 5. (GBY(GB))

= %(p, B*G*GBp)

1. The resulting operatoB*G*GBis much smaller than the original syst&iG

2. If the bases are eigenvectors @G, B*G*GBbecomes diagonal:
for example for Diffusion Regularization and Trigonometric Bases
(Fourier/Sine/Cosinecorresponding to boundary conditions)
A Hficient inversion becomes possible
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