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Abstract—We propose a CFD-based approach for the noninvasive hemodynamic assessment of pre- and post-operative
coarctation of aorta (CoA) patients. Under our approach, the
pressure gradient across the coarctation is determined from
computational modeling based on physiological principles,
medical imaging data, and routine non-invasive clinical measurements. The main constituents of our approach are a
reduced-order model for computing blood ﬂow in patientspeciﬁc aortic geometries, a parameter estimation procedure for
determining patient-speciﬁc boundary conditions and vessel
wall parameters from non-invasive measurements, and a
comprehensive pressure-drop formulation coupled with the
overall reduced-order model. The proposed CFD-based algorithm is fully automatic, requiring no iterative tuning procedures for matching the computed results to observed patient
data, and requires approximately 6–8 min of computation time
on a standard personal computer (Intel Core2 Duo CPU,
3.06 GHz), thus making it feasible for use in a clinical setting.
The initial validation studies for the pressure-drop computations have been performed on four patient datasets with native
or recurrent coarctation, by comparing the results with the
invasively measured peak pressure gradients recorded during
routine cardiac catheterization procedure. The preliminary
results are promising, with a mean absolute error of less than
2 mmHg in all the patients.

Viscous/turbulent/inertance/continuous
pressure-drop coefﬁcient
Lc
Coarctation length
MAP
Mean arterial pressure
Qasc/Qdesc Flow rate through the ascending/descending aorta
QCoA
Flow rate through the coarctation
Qsupra-aortic Flow rate through supra-aortic vessels
Rc
Coarctation resistance
Rd/Rp/Rt Distal/proximal/total Windkessel resistance
Z
Characteristic impedance

INTRODUCTION
Coarctation of the aorta (CoA) is a congenital
cardiac defect usually consisting of a discrete shelf-like
narrowing of the aortic media into the lumen of the
aorta, occurring in 5 to 8% of all patients with congenital heart disease.18 Patients born with CoA require
lifelong medical/surgical care, which includes invasive
and non-invasive imaging, drug therapy, and, if the
CoA recurs, invasive catheterization or surgical intervention to reduce the blood pressure in the ascending
aorta. For pre-operative evaluation of CoA severity
and post-operative assessment of residual narrowing, a
number of techniques are used in clinical settings.
Anatomical assessment is usually based on Magnetic
Resonance Imaging (MRI) or Computed Tomography
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(CT), while the functional assessment is performed by
measuring the pressure gradient (DP) across the
coarctation. The most accurate assessment of the
trans-coarctation pressure gradient is by invasive
catheter based measurements during cardiac catheterization. Other less accurate alternatives include blood
pressure measurements in upper and lower body
extremities (arms and legs) and taking the difference,
estimating peak/mean gradients from Doppler echocardiography, or estimation from Phase-Contrast MRI
(PC-MRI) based on 2-D or 3-D ﬂow measurements.
Measurements derived from Doppler echocardiography are often not obtainable in the older child and
adult due to the posterior location of the descending
aorta and have been reported to overestimate the
pressure gradient, both with the simpliﬁed and
the modiﬁed Bernoulli’s equation.20 In other studies,
the difference between the blood pressures in the arms
and legs has been shown to be an unreliable estimate
for the pressure gradient through the coarctation,6
when compared to the clinical gold-standard obtained
by invasive cardiac catheterization to measure the
peak-to-peak DP across the coarctation. Given
the invasive nature of cardiac catheterization, and the
patient’s exposure to radiation and contrast agent, an
accurate non-invasive assessment of pressure gradients
would not only eliminate these drawbacks, but also
help lower the overall costs for both pre- and postoperative assessment of CoA.
To address this issue, Computational Fluid
Dynamics (CFD) based models have been proposed in
recent years, for analyzing the hemodynamics in idealized and/or patient-speciﬁc healthy and diseased
aortic geometries. These studies have analyzed the
pressure-drop along the coarctation using rigid23 or
compliant vessel walls,11 oscillatory wall shear stress26
and turbulence intensity.1 There has also been work to
assess the mechanical alterations introduced by
coarctation and their impact on vascular structure in
rabbits.12 The increased focus on in vivo validation of
such approaches is the ﬁrst step towards transitioning
them into clinical decision making. To make CFDbased methods feasible in a clinical setting, the second
major hurdle is to ensure that they ﬁt in a clinical
workﬂow. Solution of the 3-D Navier–Stokes equations in complex patient-speciﬁc geometries usually
requires several hours for data preparation, meshing
and numerical computation time, which severely limits
their scope in a routine clinical setting.
To address these challenges, we present a CFDbased approach coupled with a novel, non-invasive
model personalization strategy for the assessment of
pre- and post-intervention CoA patients. The key
features of our approach are—(i) reduced-order model

for computing blood ﬂow in patient-speciﬁc aortic
geometries, (ii) a parameter estimation approach for
determining patient-speciﬁc boundary conditions and
vessel wall parameters from non-invasive measurements, and (iii) a comprehensive pressure-drop formulation. Our approach is fully automatic, requiring
no iterative tuning procedures, and a total of 6–8 min
for the computation (on Intel Core2 Duo CPU,
3.06 GHz), being thus feasible in a clinical setting.
The initial validation for the trans-coarctation computations has been performed on four patient datasets
against the clinical gold-standard, by comparing the
results with the invasively acquired measurements
during cardiac catheterization. Additionally, we have
also compared the results with two non-invasive surrogate measures often used in clinical practice, namely
the Doppler-derived pressure-gradient from modiﬁed
Bernoulli’s equation and the cuﬀ-pressure derived
gradient obtained from the diﬀerence of the blood
pressure in the upper and lower body extremities.

MATERIALS AND METHODS
For a feasible approach to accurately compute
pressure-drop in clinical settings, the total execution
time of the algorithm is paramount. Keeping this in
mind, we have chosen a quasi 1-D approach, which,
together with the terminal Windkessel elements, represents a reduced-order blood ﬂow model for the aorta.
The reduced-order approach is at least two orders of
magnitude faster than most 3-D ﬂow computations,
while being able to accurately predict time-varying
pressure and ﬂow rate values for patient-speciﬁc
models.17 As a next step towards performing patientspeciﬁc ﬂow computations, we have developed a
parameter estimation procedure for ‘personalizing’ the
model parameters by using non-invasively measured
clinical measurements from the patient, an approach
which we have previously introduced in a preliminary
form.15 The estimation is done in conjunction with a
comprehensive pressure-drop model which is coupled
with the reduced-order ﬂow model to estimate the
pressure-drop for an individual patient.
For our method, we use a time-varying ﬂow rate
waveform at the inlet (derived from 2-D PC-MRI
data) and three-element Windkessel elements at each
outlet (brachiocephalic, left common carotid, left
subclavian and descending aorta). The approach can
be used for both pre- and post-operative data. In the
following we focus though on the pre-operative case,
since it is the more challenging one and it is clinically
more signiﬁcant. Figure 1 displays an overview of the
approach for the pre-operative case.
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This assumption holds well for normal, healthy vessels,
but in case of sudden changes in lumen diameter, e.g.,
for a narrowing like the coarctation, the radial components can no longer be excluded. Thus, we introduced a pressure-drop model (described in the next
section) for the coarctation segment to account for
the resistance introduced by the coarctation. For the
implementation, we coupled this segment with the
proximal and distal segments of the aorta by enforcing
continuity of total pressure and ﬂow.
At each bifurcation we enforce the continuity of
ﬂow and total pressure as follows:
X
ð qd Þ i ;
ð4Þ
qp ¼
i

 
1 q2p
1 q2d i
pp þ q 2 ¼ ð pd Þ i þ q  2  ;
2 Ap
2 Ad i

ð5Þ

where subscript p refers to the parent, while d refers to
the daughter vessels of the bifurcation.
At the outlets, the Windkessel equation is applied in
order to close the system of equations:
FIGURE 1. Overview of the pre-operative modeling
approach: time-varying flow rate is imposed at the inlet and
three-element Windkessel models are coupled at the outlets; a
flow-dependent resistance is introduced in order to account
for the pressure drop along the coarctation.

Reduced-Order Model for Blood Flow Computation
The proximal vessels are modeled as axi-symmetric
1-D vessel segments, where the ﬂow satisﬁes the following properties: conservation of mass, conservation
of momentum, and a state equation for wall deformation (Eqs. 1–3). The vessel wall is modeled as a
purely elastic material.
@Aðx; tÞ @qðx; tÞ
þ
¼ 0;
@t
@x
 2

@qðx; tÞ @
q ðx; tÞ
Aðx; tÞ @pðx; tÞ
þ
a
þ
@t
@t
Aðx; tÞ
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pðx; tÞ ¼
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sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ!
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Aðx; tÞ

ð1Þ

ð2Þ

ð3Þ

where a is the momentum-ﬂux correction coeﬃcient,
KR is a friction parameter, E is the Young modulus, h
is the wall thickness and r0 is the initial radius corresponding to the pressure p0.
One of the assumptions made during the derivation
of the reduced-order model is that the axial velocity is
dominant and the radial components are negligible.

@p
@q
p
qðRp þ Rd Þ
¼ Rp

þ
;
@t
@t Rd  C
Rd  C

ð6Þ

The inlet boundary condition is prescribed by the
time-varying ﬂow rate determined through PC-MRI,
while the estimation of the wall properties and the
Windkessel parameters at the outlets are described in
the following sections. We performed the numerical
computations using the explicit, ﬁnite diﬀerence, second-order Lax-Wendroﬀ method. The system of nonlinear equations obtained at the junctions was solved
iteratively using the Newton–Raphson method.
Parameter Estimation for Model Personalization
Patient-speciﬁc blood ﬂow computations require
physiologically appropriate boundary conditions at the
inlet and the outlet of the computational domain.
Depending on the availability of in vivo measurements
and the underlying assumptions of the model,
researchers typically use one of the following inlet
boundary condition: (i) time-varying velocity (or ﬂow
rate) proﬁle,11,14 or (ii) a lumped model of the heart
coupled at the inlet.3,4 The former can be easily
determined in a clinical setting, and is often part of the
diagnostic workﬂow (2-D/3-D Phase-contrast MRI,
Doppler ultrasound). These measurements can be
mapped to the computational domain at the inlet using
plug, parabolic or Womersley proﬁle. The alternate
approach is to couple a lumped model of the upstream
circulation (e.g., a lumped model of the heart) and
adjust the model parameters to obtain physiological
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ﬂows and pressures in the computational domain. For
the outlet boundary condition, physiologically motivated three-element Windkessel boundary conditions
are used widely.22,24 This requires estimation of three
quantities (two resistances: proximal—Rp, and distal—Rd, and one compliance—C) at each outlet from
non-invasive data.
The main constituents of the personalization
framework are the estimation of inlet and outlet conditions, coupling a pressure-drop model, and an estimation of the mechanical properties of the aortic wall
from the acquired patient data.
Estimation of Boundary Conditions and Pressure-Drop
Model
Mean arterial pressure (MAP), deﬁned as the average pressure over the cardiac cycle is responsible for
driving the blood into the distal vessels and ultimately
in the tissues. MAP is related to the total distal resistance by the following expression:
MAP ¼ Q  R:
where Q is the average ﬂow at a point in the arterial circulation, and R is the total distal arterial resistance. For
the aorta, the following equation holds at each outlet i:
MAP ¼ Qi  ðRt Þi ;

ð7Þ

where Qi is the average ﬂow rate through outlet i and
(Rt)i is the total resistance, which is the sum of the two
Windkessel resistances (Rt = Rp+ Rd). In the ascending aorta, MAP is estimated from the non-invasive cuff
pressures,16 as given below:


1
MAP ¼ DBP þ þ ðHR  0:0012Þ  ðSBP  DBPÞ;
3
ð8Þ
where HR is the heart rate and SBP (DBP) are the
systolic (diastolic) blood pressures.
The time-averaged ﬂow rates at the ascending (Qasc)
and at the descending aorta (Qdesc) are measured from
the PC-MRI slices. Thus the total ﬂow to the three
supra-aortic outlet vessels (Qsupra-aortic) is determined
by Qsupra-aortic = Qasc 2 Qdesc.
For the ﬁrst few branches starting from the aortic
root, the ﬂow is distributed to the branching vessels
proportionally to the square of the radius.28 Thus,
Qi ¼ Qsupraaortic  r2i =

3
X

r2i ;

ð9Þ

i¼1

where ri is the radius of the supra-aortic branch i. Since
the pressure difference between the ascending aorta
and the three supra-aortic branches is insigniﬁcant (the

viscous losses are negligible), the same average pressure is used to estimate the total resistance.
ðRt Þi ¼

MAP
:
Qi

ð10Þ

For the CoA patients, the above assumption does
not hold true for the descending aorta because the
narrowing at the coarctation site introduces a pressuredrop along the length of the aorta, which can be
translated into a ﬂow-dependent resistance Rc(Q).
Thus, the total resistance, which represents the sum of
the resistance of the coarctation and that of the outlet
Windkessel model, is estimated as follows:
ðRt Þdesc þRc ðQÞ ¼

MAP
:
Qdesc

ð11Þ

The ﬂow-dependent resistance is estimated based on
a pressure-drop model. Table 1 displays various pressure-drop models which were previously introduced in
the literature. Based on these, we propose the following
comprehensive pressure-drop model for the coarctation:

2
qKt A0
DP ¼ Kv ðaÞ  Rvc q þ 2
 1 jqjq
2A0 Ac
@q
þ Kc ðaÞRvc q;
þ Ku Lu
@t

ð12Þ

where the ﬁrst term captures the viscous losses, the
second term captures the turbulent losses, the third
term represents the inertial eﬀect and the fourth term is
2
a continuous component. Kv ¼ 1 þ 0:053
R  ðAc =A0 Þa
8l Lc 1
is a viscosity coefﬁcient and Rvc ¼ p 0 r4 ðlÞ dl is the
viscous resistance; Kt = 1.52 is a turbulence coefﬁcient; RKu = 1.2 is an inertance coefﬁcient and
L
Lu ¼ qp 0 c r21ðlÞ dl is the inertance; Kc = 0.0018a2 is a
continuous coefﬁcient, a being the Womersley number.
The start and end cross-sections of the coarctation
were taken as the locations where the radius decreases
under 95% of the reference value for the corresponding location, and respectively increases above 95% of
the reference value for the corresponding location. The
speciﬁc formulations of the viscous and the inertial
term used in Eq. (12) were chosen because of their
ability to take into account the shape of the coarctation. This allows us to personalize the pressure-drop
model for a patient-speciﬁc geometry of the coarctation. The turbulent term has been successfully used in
different, independent studies performed in vitro19 and
in vivo.21 We also included a continuous term, which
has been introduced previously2 as a result of the phase
difference between the ﬂow rate and the pressure drop
identiﬁed in a computational study.

a = 2p—empirically determined parameter; b = 0.5—empirically determined parameter.

Since the model contains both a linear and a square
term of the ﬂow rate, we investigate two diﬀerent
approaches for the evaluation of the resistance introduced by the coarctation:
Approach 1: the resistance is computed using the
average ﬂow rate at the descending aorta:
desc Þ=Q
desc ;
Rc1 ðQÞ ¼ DPðQ

ð13Þ

@q
@t
b

1
A0
Ac
A0

þ pqaﬃﬃﬃﬃ

whereas DPðÞ is computed through Eq. (12), and n is
the number of frames acquired through PC-MRI.
The proximal resistance at each outlet point is equal to
the characteristic resistance of the vessel (in order to
minimize the reﬂections), which is computed as follows:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 
1
2qEh
Rp i ¼
;
ð15Þ
2
3  ri
p  ri

2

 A10
1
Ac
2

DP ¼ qq2
Model 35

jqjq þ
1
DP ¼ Kv ðaÞ  Rvc q þ
Model 2

FIGURE 2. Estimation of the flow transit time between
ascending aorta (blue circles) and the descending aorta
(green squares). The upslope curve is approximated by the
line connecting the points lying at 20 and 80% of the maximum flow rate. The time Dt is determined by the interval
between the onset (the intersection point of the upslope curve
and the minimum flow rate) of the two flow curves.
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Approach 2: the resistance is computed by averaging
the resistances of each time frame:
!
n
X
Rc2 ðQÞ ¼
DPðqdesc ðtÞÞ=qdesc ðtÞ =n;
ð14Þ

þ Kc ðaÞRvc q

Kv ¼ 1 þ

a

2

0:053 AA0c

2
Kt ¼ 0:95;
qﬃﬃﬃﬃﬃﬃﬃKu ¼ 1:2 Kc ¼ 0:0018a
2pqf
a ¼ r0
l ; where f—frequency
R
RL
8l Lc 1
Rvc ¼ p 0 r 4 ðlÞ dl,Lu ¼ qp 0 c r 21ðl Þ dl

A0
Ac
a
length; Kv ¼ 16L
r0

2

; La ¼ 0:83  Lc þ 3:28  rc ; Kt ¼ 1:52; Ku ¼ 1:2

A0—normal cross-sectional area; Ac—coarctation minimum cross-sectional area; Lc—coarctation

TABLE 1. Pressure-drop models.

Quantities
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where E Æ h/ri is estimated as described later. Next, the
distal resistance is computed by subtracting the proximal resistance from the total resistance.
For the estimation of compliance values, we ﬁrst
compute the total compliance22 (Ctot). Next, the compliance of the proximal vessels (Cprox) is computed by
summing up the volume compliances of each proximal
segment. Thus,
Z


3  A rj

dl;
ð16Þ
Cprox j ¼
2 Eh
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where A is the cross-sectional area. Finally, the total
outlet compliance (Cout) is determined by subtracting
Cprox from Ctot, which is then distributed to the four
outlets as follows:
ðCout Þi ¼

Cout  r2i
:
3
P
2
ri

ð17Þ

i¼1

where Yp (Yd) is the characteristic admittance of the
parent (daughter) vessel. The characteristic admittance
is the inverse of the characteristic resistance of a vessel
[computed as in Eq. (15)]. There are three bifurcations,
one for each supra-aortic vessel, and the characteristic
resistance of each supra-aortic vessel is computed by
setting C equal to 0:
Rsupraaortic ¼ Raortap  Raortad =ðRaortap  Raortad Þ
ð21Þ

Estimation of Aortic Wall Parameters
An important aspect of a blood ﬂow computation
with compliant walls is the estimation of the mechanical properties of the aortic wall. We use a method
based on wave-speed computation,14 where the wavespeed is related to the properties of the aortic wall by
the following expression:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2 Eh

c¼
;
ð18Þ
3  q r0
where c is the wave speed. To estimate the wave
speed, we use the transit-time method,7 whereby
c = Dx/Dt.
Here Dx is the distance (measured along the centerline) between the inﬂow at the aortic root and the
outlet at the descending aorta, and Dt is the time taken
by the ﬂow waveform to travel from the inlet to the
outlet location. The time Dt is determined by the
interval between the onset (foot) of the two ﬂow
curves. The location of the onset (foot) is determined
by the intersection point of the upslope curve and the
minimum ﬂow rate (Fig. 2). The upslope curve is
approximated by the line connecting the points at 20
and 80% of the maximum ﬂow rate at the particular
location.
Once the wave speed is computed, the quantity
E Æ h/r0, in Eqs. (15), (16), and (18), is computed as:
E  h 3  q  c2
:
¼
r0
2

ð19Þ

The wall properties of all the aortic segments are
determined using this equation. To estimate the wall
properties of the supra-aortic vessels, we use a slightly
modiﬁed approach, under which the wall properties of
each supra-aortic segment are computed separately.
This is done to minimize the wave reﬂections at the
bifurcations. Under this approach, ﬁrst the reﬂection
coeﬃcient at a bifurcation is computed13:
P
Yp  ðYd Þi
i
P
:
ð20Þ
C¼
Yp þ ðYd Þi
i

Once the characteristic resistance is known, E Æ h/r0,
is determined as follows [from Eq. (4)]:
E  h 3  Zsupraaortic  p2  r40
:
¼
r0
2q

ð22Þ

To avoid non-physiological wave speeds in the supra-aortic vessels, a minimum threshold of 200 cm/s
and a maximum threshold of 1200 cm/s are imposed in
each supra-aortic vessel.
Figure 3 summarizes the estimation methodology
described in the last two subsections, while Table 2
lists all input parameters which are required, together
with their source. For the post-operative case, if a
residual narrowing is identiﬁable, then the same procedure can be applied.

RESULTS
We validated our methodology by investigating 5
random COAST patient datasets with native and/or
recurrent coarctation which involved the aortic isthmus or the ﬁrst segment of the descending aorta. The
patients’ clinical data originated from the FDA
approved, multi-center COAST trial.18 Important for
our investigation, COAST mandates recording mean
values of catheter based blood pressure measurements
in different locations (ascending aorta—AAo, transverse aortic arch—TAA, and descending aorta—DAo)
at systolic and diastolic phases over multiple heart
cycles. Further, the study includes the following
imaging data: 3-D contrast enhanced MR angiograms
(MRA) and ﬂow sensitive 2-D CINE phase contrast
MR (PC-MR) images. Angiograms depict the thorax
including the TAA and supra aortic arteries and enable
accurate segmentation of the lumen of the vessel tree.
The segmented 3-D geometric model of the vessel tree
was used to calculate the artery centerlines and various
radii measurements. The PC-MR images (typically
oblique axial time-series encoding through-plane
velocities) intersect the aorta twice. Once in the region
of the aortic root and, second the DAo below the
isthmus/coarctation. The different images were readily
registered based on MR machine coordinates, after
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FIGURE 3. Non-invasive personalization strategy for (a) terminal Windkessel resistances, and (b) terminal Windkessel compliances and wall properties. Non-invasively acquired input parameters are specified on the left.
TABLE 2. List of input parameters.
Input
Systolic blood pressure (SBP)
Diastolic blood pressure (DBP)
Heart rate (HR)
Flow rate asc. aorta (Qasc)
Flow rate desc. aorta (Qdesc)
Patient-specific geometry
Pressure-drop model (DP)
Total compliance (Ctot)

registration, the PC-MR images were segmented and
integrated to derive personalized inﬂow and outﬂow
proﬁles. The overall pre-processing pipeline is illustrated in Fig. 4. The details of the image segmentation
and other geometric pre-processing steps were reported
previously,25 together with a validation study with
clinical evaluation.
To build the descretized geometric mesh from the
centerline and cross-sectional areas, we used an
approach similar to previously introduced ones,21
wherein for each vessel of the arterial model, we used
several distinct 1-D segments with spatially varying
cross-sectional area values in order to obtain a geometry close to the 3-D geometry acquired through MRI.
The solution at the interface locations between the

Source
Cuff measurement (arms)
Cuff measurement (arms)
Routine measurement
2-D PC-MRI
2-D PC-MRI
Magnetic Resonance Angiography (MRA)
Fluid dynamics theory, in vitro experiments
Clinical literature

separate 1-D segments was determined by considering
continuity of ﬂow rate and total pressure, similarly to
bifurcation solutions [Eqs. (4) and (5)].
After reviewing MR images for patient 5, we
observed an incorrect PC plane location (intersecting
AV and LVOT instead of AAo) that resulted in an
erroneous inﬂow. Thus, only 4 patients were included
in the ﬁnal evaluation procedure, which is described in
the following.
Table 3 displays the patient-speciﬁc data. Three sets
of cuff-pressure measurements were performed in the
arms and legs, and the average values were used to
compute the difference between the upper body (arms)
and lower body (legs) pressures at systole and diastole.
Doppler echocardiography measurements of peak
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FIGURE 4. Pre-processing pipeline: (a) fusion of anatomic and flow MR images, (b) image segmentation: vessel wall extraction,
(c) extraction of 3-D surface mesh and inflow flow profile, and (d) construction of 1-D model: centerline and cross-section
extraction.

velocity before and after the coarctation were used to
compute the trans-coarctation pressure-gradient by
using the modiﬁed Bernoulli’s equation.20
Blood was modeled as an incompressible Newtonian ﬂuid with a density of 1.055 g/cm3 and a dynamic
viscosity of 0.045 dynes/cm2 s for all the computations.

A grid size of 0.05 cm was used leading to a computational model with 1200–1600 degrees of freedom
(cross-sectional area and ﬂow rate values) depending
on the patient-speciﬁc geometry. Since an explicit
numerical scheme has been adopted, the time step is
limited by the CFL-condition, and has been set equal
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TABLE 3. Patient data.
Pressure gradients
(mmHg)
Patient no.
1
2
3
4

SBP (mmHg)

DBP (mmHg)

HR (bpm)

% Coarct. narrowing

Qasc (mL/s)

Qdesc (mL/s)

Cath.

Doppler

Arm–leg

124
112
124
89

65
71
71
50

71
61
118
74

59.1
46.3
47.9
39.5

163.9
97.8
88.6
199.5

59.4
50.2
61.5
85.7

55
8
30
14

80
23
67
27

42
23
40
27

TABLE 4. Comparison of average flow rate at the descending aorta and evaluation of coarctation resistance computation
approaches.
Flow computations (mL/s)
Patient no.
1
2
3
4
Mean rel. error (%)
Mean abs. error (mL/s)

PC-MRI (mL/s)

Using Rc1

Using Rc2

59.39
50.22
61.51
85.69

57.62
49.79
61.23
84.00
1.56
1.04

58.24
49.93
61.40
84.27
1.09
0.74

FIGURE 5. Comparison of pressure drops between ascending aorta and the descending aorta (AAo-DAo) at peak systole
from four different methods—(i) invasive measurement from
cardiac catheterization, (ii) proposed algorithm, (iii) Doppler
echocardiography based measurement from modified Bernoulli’s equation, and (iv) cuff-pressure measurement in
upper and lower body. For the proposed method, a mean
absolute error of 1.45 mmHg was obtained for DP AAo-Dao,
while the Doppler-derived and the cuff-pressure derived
pressure gradients have an absolute error of 23 mmHg, and of
11.75 mmHg, respectively.

to 2.5 9 1025 s. The ﬁrst step has been to evaluate the
two different approaches for the computation of the
resistance introduced by the coarctation: Rc1 and Rc2.
Table 4 displays the average ﬂow rate at the descending aorta, as determined through PC-MRI and as
obtained by the reduced-order ﬂow computations. In
order to evaluate the approaches, we determined the
mean relative error and the mean absolute error of the

computed average ﬂow rate at the descending
aorta. The relative error has been computed as
|Qmeasured 2 Qcomputed|/|Qmeasured | 9 100 and the
absolute error as |Qmeasured 2 Qcomputed|. The results
are displayed in the last two rows of Table 4 and show
that, although the differences between the measured
values and the computed ones are small for both
approaches, the computed ﬂow results are more
accurate when Rc2 is used., Hence, in the following, the
resistance of the coarctation will be computed using
the time-varying descending aorta ﬂow rate.
Next, we compare the non-invasively computed
trans-coarctation pressure gradient from our algorithm
with (a) the clinical gold-standard measurements
obtained during cardiac catheterization, (b) Dopplerechocardiography derived gradient using the modiﬁed
Bernoulli’s equation, and (c) diﬀerence between the
blood-pressure measurements in upper and lower body
extremities; for the four patients. The pressure drops
obtained with both our method and the catheter-based
results were computed as peak-to-peak pressure drops
between the ascending and the descending aorta. Figure 5 displays the results of the four-way comparison.
The results show an excellent agreement between the
proposed algorithm and the invasive measurement,
having a mean absolute error of 1.45 mmHg and a
mean relative error of 10% for DP AAo-DAo. The
Doppler-derived and the cuff-pressure derived pressure
gradients have an absolute error of 23 mmHg, and of
11.75 mmHg, respectively, while the mean relative
errors are of 112 and 72%, respectively.
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TABLE 5. Comparison of pressure-drops and evaluation of pressure-drop models.
Pressure-drop computations AAo-DAo (mmHg)

Patient no.

DP Cath. AAo-DAo (mmHg)

1
2
3
4
Mean absolute error (mmHg)

Model in Eq. (12)

Model 1

Model 2

Model 3

53.97
10.28
28.11
14.62
1.45

58.33
11.00
29.46
15.40
2.07

40.67
5.49
19.81
7.56
8.36

41.41
5.82
20.34
8.16
8.18

55
8
30
14

DISCUSSION
The excellent validation results obtained for our
non-invasive computation of trans-coarctation pressure-gradient demonstrate its feasibility for an accurate
clinical assessment. The computation time ranged from
6 to 8 min, making it feasible for implementation in an
existing clinical workﬂow. The discrepancy between
the often used surrogate measures and the invasively
measured trans-coarctation pressure-gradient further
highlights the need for an accurate non-invasive
assessment.
Our model personalization algorithm is applicable
to not only quasi 1-D models, but can also be readily
employed for 3-D CFD-based approaches. If the
geometry model used for the computation is more
detailed (i.e., has more branches), the methodology
used for the computation of the outlet boundary condition does not change, the only diﬀerence is that the
resistances/compliances are distributed among more
terminal vessels. Furthermore, if the radiuses of the
terminal vessels decrease, the distribution of the resistance values can be performed based on the assumption of a constant wall shear stress.7
The proposed methodology has been also tested
using the three pressure drop models previously
reported in literature and displayed in Table 1. The
results are summarized in Table 5 for the four pressure-drop models, together with the invasive pressures
obtained from cardiac catheterization.
To compare the performance of the pressure-drop
models, we computed the mean absolute error of the
pressure-drops between AAo-DAo and displayed it in
the last row of the table. As can be seen, the model in
Eq. (12) has the least error among the four models.
From the four terms in the pressure-drop equation, the
turbulent term has the highest contribution to the total
pressure drop. Thus, the smaller values of Kt used in
models 2 and 3 in Table 1 (0.95 and 1.0, respectively)
are the main reason why the pressure drops obtained
with these models are signiﬁcantly smaller than the
catheter-based values. By comparing the model in
Eq. (12) and model 1, the differences are mainly given

by the fact that the inertial and viscous terms in Eq.
(12) take into account the speciﬁc shape of the coarctation (the fourth term—continuous term—has a very
small inﬂuence). We note however that the previously
developed pressure-drop models, have neither been
introduced speciﬁcally for coarctation narrowings, nor
have they been used in a scenario similar to the herein
described one, i.e., coupled to a full- or reduced-order
CFD-based computational approach.
Since the trans-coarctation pressure gradient is
computed as a peak-to-peak pressure diﬀerence
between the ascending aorta and the descending aorta,
the pressure drop is not mainly determined by the
maximum ﬂow rate and the geometry, but by
the complex interaction between these two aspects, the
phase lag introduced by the compliance,8 the wave
propagation speed, and the backward travelling pressure and ﬂow rate waves. Since the wave speed is
determined individually for each patient, the proposed
method is able to correctly model the arrival of
reﬂected waves, which alter the ﬂow rate waveform
and potentially augment the peak pressure both in the
ascending and descending aorta, thus inﬂuencing the
ﬁnal pressure-drop results. For the post-operative case,
if a stent is placed, it will generally have different
material properties than the aortic wall. This leads to
an impedance mismatch at the two interfaces with the
stent, and consequently to additional reﬂected waves at
both interfaces, which impact the overall pressure and
ﬂow rate time-varying proﬁles. These aspects motivated our choice for using a one-dimensional wavepropagation based computational approach to capture
the peak-to-peak trans-stenotic pressure drop.
In case of coarctation patients, signiﬁcant collateral
ﬂow can appear around the coarctation. If the collateral vessels join the descending aorta at a location
above the measurement point of the ﬂow rate, then the
computation of the coarctation resistance [Eqs. (13)
and (14)] can no longer use the PC-MRI measured ﬂow
rate (since the ﬂow rate through the coarctation would
also contain the collateral ﬂow, the pressure drop
would be too high, and thus the coarctation resistance
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would be overestimated). In this case a methodology
based on the fact that the pressure drop between the
aortic arch and the descending aorta has to be the
same, regardless of the route which is followed
(through the coarctation or through one of the collateral vessels), can be devised. Additionally, Eq. (13)
should be used in this case, since it does not require the
time-varying ﬂow rate through the coarctation.
In case a stent is used during non-surgical catheter
based repair, then the computation of the wave speed
needs to be adapted. Since the material properties of
the stent are known, the wave speed in the stented
region can be determined (cstent). Thus the wave speed
of the rest of the aorta should be computed as follows:
c¼

Dx0
Dx  Dxstent
¼
;
Dt0 Dt  Dxstent =cstent

ð23Þ

whereas Dx and Dt are determined as before and
Dxstent is the length of the stented region.
In the following we compare our work with previously published methods and results.
Keshavarz-Motamed et al.10 have recently investigated the impact of concomitant aortic valve stenosis
(AS) and coarctation on left ventricular workload,
which is an important aspect since in 30–50% of CoA
cases, AS is also present. A lumped parameter model
was employed and showed that CoA has a smaller
relative impact on LV workload (they showed that a
severe CoA—90% area reduction—contributes less to
the increase in LV work than a moderate AS—1.0 cm2
effective oriﬁce area). Further, they proposed a method
to non-invasively estimate CoA severity from average
ﬂow through aortic valve and through CoA. Recently,
two ﬂow-rate independent measures of coarctation
severity have been introduced,9 COA Doppler velocity
index and COA effective oriﬁce area, with promising
results in an in vitro study. Together with the study
reported herein, it enhances the possibilities of noninvasive evaluation of aortic coarctation.
Patient-speciﬁc 3-D rigid wall blood ﬂow computations for a set of 5 patients have been reported earlier.23 The inﬂow boundary condition was similar to
the one in our proposed approach, ﬂow rate conditions were applied directly at the supra-aortic vessels
and a time-varying pressure waveform, as acquired
through invasive catheter investigation, was applied at
the descending aorta. The results are promising, but
the method requires invasive measurements and
thereby rendering it inadequate for a non-invasive
estimation.
Coogan et al.3 examined the effects of stent-induced
aortic stiffness on cardiac workload and blood pressure in post-intervention coarctation patients. A heart
model was used as inlet boundary condition in order to
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enable the simulation of conditions beyond those when
the patient is imaged (e.g., exercise, post-treatment
conﬁgurations). Since the goal of the present study was
to provide an automatic personalization strategy for
pre/post-operative cases, we have imposed directly the
ﬂow rate at the inlet.
LaDisa et al.11 reported 3-D blood ﬂow computations in pre- and post-operative coarctation patients.
The PC-MRI acquired ﬂow rate waveform at the
ascending aorta was applied as the inﬂow boundary
condition using a Poisseuille proﬁle. The outlet
boundary conditions of the supra-aortic vessels were
determined by using the MAP and the PC-MRI
acquired ﬂow (the herein proposed methodology uses
only ascending and descending aorta ﬂow rate, the
supra-aortic ﬂow rates are estimated28). The detailed
procedure used for the descending aorta in the preoperative cases though was not described and an iterative procedure is used in order to determine the wall
properties. The work outlined detailed results regarding the time-averaged wall shear stress and oscillatory
shear index, drawing signiﬁcant conclusions based on
the results obtained during both resting and exercise
conditions. In the absence of invasive pressure measurements, the computed pressure drops were compared against the difference between the arms and legs
pressure.
The methodology proposed herein introduces for all
above mentioned papers complementary aspects, with
a good potential of improving the results.
Our new method presented in this paper has
important clinical implications:

 the personalization strategy for both pre- and
post-operative data is fully automatic and
requires no repetitive runs of the blood ﬂow
computation;
 reduced-order computations are usually more
than two orders of magnitude faster than fullorder models and can thus provide useful assistance for clinical decision making in a reasonable
amount of time (in the order of minutes).
Our study has a series of limitations. Firstly, it has
been tested only on four patients datasets thus far, and
hence the results are preliminary and warrant a validation study on a larger number of datasets to be
clinically relevant. Secondly, the proposed method
(and its variant) has not been tested for geometries
with signiﬁcant collateral ﬂow—case in which the
proposed personalization strategy will need signiﬁcant
changes. Thirdly, the one-dimensional model introduces an approximation of the geometry, since an
axisymmetric, tapering geometry is being considered.
However, it has been shown that the one-dimensional
model is able to predict time-varying pressure and ﬂow

ITU et al.

680

rate waveforms if the tapering is moderate,17 an
assumption that might not hold for some geometries.
Furthermore, though the direct imposition of ﬂow-rate
at the inlet of the aorta simpliﬁes the personalization
strategy both for the pre- and post-operative case, it
makes the simulation of conditions beyond those at
which the patient is imaged, impossible.
In terms of the pressure-drop model, it represents a
semi-empirical approach which neglects the compliance of the coarctation region, i.e., the geometry of the
coarctation is considered to be invariant in time for the
computation of the pressure drop, and the parameter
values used in Eq. (12) need to be validated in a study
involving more patients.
CONCLUSIONS
In this paper, we presented a CFD-based approach
coupled with a novel, non-invasive model personalization strategy for the non-invasive assessment of preand post-operative CoA patients.
We performed a validation study against in vivo
clinical measurements obtained during routine cardiac
catheterization, and obtained excellent agreement. The
proposed approach is fully automatic, requiring no
iterative tuning procedures, and a total of 6–8 min for
the computation, being thus feasible in a clinical setting. We are in the process of expanding the validation
study to more patients.
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